arXiv:hep-ph/9701421vl 30 Jan 1997 


MPI-PhT/96-29 
Durham DTP/96/36 
December 1996 


PERTURBATIVE QCD APPROACH TO 
MULTIPARTICLE PRODUCTION 


Valery A. Khoze 


Department of Physics 

University of Durham, Durham DHl 3LE, UK 

and 

Institute for Nuclear Physics 
St. Petersburg, Gatchina, 188350, Russia 


and 


Wolfgang Ochs 

Max Planck Institut fiir Physik 
Werner Heisenberg Institut 
Fdhringer Ring 6, D-80805 Munich, Germany 


Abstract 

In this review we discuss the analytical perturbative approach, based on perturba¬ 
tive QCD and Local Parton Hadron Duality (LPHD), and its application to multiparticle 
production in jets in the semisoft region. Analytical formulae are presented for vari¬ 
ous observables within the accuracy of the Modified Leading Logarithmic Approximation 
(MLLA), i.e. with terms of relative order y/oTg taken into account systematically, and in 
some cases with even higher accuracy. These predictions are confronted with existing ex¬ 
perimental data. Many details of the perturbative approach to multiple hadroproduction 
have been consolidated in recent years, and the overall picture is remarkably healthy. The 
prospects of future studies of the semisoft jet physics are also discussed. 
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1 Introduction 


The existence in hard processes of spectacular jets of hadrons — the footprints of QCD partons 
— is one of the most striking successes of QCD. 


It was hrst observed by the MARKl group at SPEAR in 1975 that the quarks, pair 
produced in collisions, began to appear as hadronic jets. Five years later the four PETRA 
experiments |0] proved the existence of jets from gluon emission in quark pair production. These 
pioneering results opened up an important new area for experimental tests of both perturbative 
and non-perturbative QCD. In the last decade hadron-jet physics has been intensively studied 
in hadron-hadron and ep scattering processes (for reviews see e.g. |]3|,|^j5|,|^,[^^PipT iPlp!^ ). 
It will certainly remain one of the main topics for investigation at the e'^e~ ,pp and ep colliders 
of the future. 


e’'“e“ annihilation into hadrons proves to be a particularly wonderful laboratory for detailed 
experimental tests of QCD. A vast amount of data on multihadron production has been accu¬ 
mulated in the experiments at PETRA, PEP and TRISTAN. The high statistics data collected 
from hadronic Z°-decays (more than 16 million events) have led to remarkable progress in 
the understanding of QCD dynamics. New QCD physics results continue to pour out from 
the analysis of LEP-1 and SLD experiments |^. The record LEP-1 statistics allows one to 
perform detailed studies on subsamples of events of specihc interest and to measure relatively 
small effects of particular signihcance. 


As LEP-1 hnishes its hnal analysis even more detailed results will become available. The 
full LEP-1 data will form the priceless source for QCD studies. It is an important task for 
both LEP and QCD communities to fully exploit all record LEP-1 potentials stretching them 
to the limit. From November 1995 LEP started operating at centre-of-mass energies above 
the Z'^-resonance. The hrst experimental results at 130-140 GeV (LEP-1.5) and at higher 
energies agree well with the perturbative predictions. The experimental results from HERA 
have become available recently. They allow, in particular, to study the momentum transfer 
and energy dependence of various observables in the same apparatus. At the TEVATRON one 
is able to analyse jets of much higher energy than before. The prospective laboratories for 
studying the various issues of QCD physics would be provided by LEP-2 and future linear 
colliders (see e.g. Refs. [^,0) where one enters the unexplored energy regions. 


During the last few years the experiments have collected exceedingly rich new information 
on QCD jets allowing one to perform the important tests of the perturbative QCD and reduce 
the domain of our ignorance on the physics of conhnement. The data clearly show that the 
broad features of hadronic jet systems (multiplicities and their correlations, angular patterns of 
particle flows, inclusive spectra and correlation of particles, etc.), calculated at the parton level 
agree surprisingly well with the measured ones. This convincingly demonstrates the dominant 
role of the perturbative phase of jet evolution and supports the hypothesis of Local Parton- 
Hadron Duality (LPHD) [|T^,^. The key assumption of this concept is that the conversion 
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of partons into hadrons occurs at a low virtuality scale, of the order of hadronic masses, inde¬ 
pendent of the scale of the primary hard process, and involves only low-momentum transfers. 
Such local duality is naturally connected with the ‘pre-conhnement’ properties |^| of the QCD 
cascades which ensures that the colours are locally compensated. Only two essential parameters 
are involved in the perturbative description: the effective QCD scale A and a cut-off parameter 
Qo- The non-perturbative effects are practically reduced to normalization constants relating 
hadronic characteristics to partonic onesEI. 

The LPHD approach tends to apply perturbative QCD as near as possible to the limits 
posed by conhnement dynamics. On its basis the detailed description of QCD jets in hard 
collisions is possible. Many important tests of the underlying QCD dynamics of multiple 
hadroproduction are allowed by the studies of hadron distributions in the semisoft region (small 
values of momentum fraction Xp = ph/E^et)- In this region perturbative theory can be applied, 
provided that infrared enhanced terms are resummed to all orders (for reviews see [|0|,|I],|2H3l). 
Formally ph 3> rrih in these calculations, but the results are smooth down to small momenta 
Ph- As long as the process of colour blanching and non-perturbative hadronization of partons is 
local in the conhguration space infrared singularities can be factorized out of particle spectra, 
so the asymptotic shapes of these distributions are fully predicted The sub-asymptotic 
corrections can be expressed as power series in ydrj (appearance of ydrj terms is one of the 
surprising features of the semisoft physics). All the terms of relative order DaJ can be taken into 


account in a systematic way. This is the so-called Modihed Leading Logarithmic Approximation 
(MLLA) which allows one to make testable quantitative predictions with controllable accuracy 


The analytical perturbative approach (APA = PQCD -|- LPHD) to QCD jet physics at¬ 
tempts to describe the structure of the multi-hadronic hnal states with the minimal reference 
to the fragmentation dynamics. One of the goals of these studies is to hnd the areas of ap¬ 
plicability and the limitations of this perturbative approach. It is expected to work only for 
sufficiently inclusive quantities. 


Rediscovery of coherence in the context of QCD in the early eighties |]25| , p6| has led to 
a dramatic revision of theoretical expectations for semisoft particle distributions. Thus, the 
coherent effects in the intrajet partonic cascades, resulting on the average, in the angular 
ordering {AO) of sequential branching, gave rise to the hump-hacked shape of particle spectra 
— one of the most striking APA predictions B00- It is not the softest particles, but 
those with the intermediate energies {Eh ~ ^o.3-o.4^ which multiply most effectively in QCD 
cascades. Due to the interjet coherence which is responsible for the string [^/drag effect 
in the multijet hadronic events, a very important physical phenomenon can be experimentally 
verihed, namely, the fact that it is the dynamics of the colour which governs the production of 
hadrons in accordance with the QCD “radiophysics” of particle flows. 


^Certainly despite all its phenomenological successes the LPHD is, by no means, a complete scheme but 
rather the simplest model-independent approach. However, there exists a consistent field theoretical approach 
to the physics of colour screening which seems to exhibit explicitly the LPHD properties (Gribov’s confinement 
scenario [p^). 
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Without doubt, the hadronization effects could and should be of importance in many cases. 
After all, we observe jets of hadrons in the detectors, not the quarks and gluons we are dealing 
with in our perturbative calculations. However, the dynamics of hadronization is still not well 
understood from first principles and one has to rely on the predictions of the phenomenological 
models, for example, the LUND string model [^] or the cluster fragmentation model . 
At the moment all the so-called WIG’ged = (With Interfering Gluons) Monte Carlo Models 
(HERWIG [^, JETSET ||^, ARIADNE |3^) are very successful in the representation of the 
existing data and they are intensively used for the predictions of the results of present and 
future measurements ||I^,|35|,|36|,|T7| . However, these models are far from perfect, e.g. [^. It 


is worthwhile to mention that for many observables the LPHD concept (at least in its milder 
formulation) is quantitatively realized within these algorithmic schemes. 


All existing phenomenological models are of a probabilistic and iterative nature when the 
fragmentation process as a whole is described in terms of simple underlying branchings. Their 
successfulness in representing the data to a certain extent relies on the fact that in many cases 
it is possible to absorb the quantum mechanical interference into the probabilistic schemes. 
However, the description of the evolution of a multipartonic system in terms of classical Markov 
chains is of limited value in principle. For example, under special conditions some subtle QGD 
phenomena, breaking the probabilistic picture, may even become dominant and observable, see 
Refs. PB| , |5^ and section 6. 

These days physics of QGD jets has entered a Renaissance age. So it seems quite timely 
to realize where we are now and where we are going. In this review we shall focus on the 
properties of QGD jets in the semisoft region. The main goal is to survey the basic ideas and 
the recent impressive phenomenological advances of the APA 10,0,00. The interest in 
the detailed studies of QGD jets is twofold. On the one hand, they are important for testing 
both perturbative and nonperturbative dynamics of multiple hadroproduction, for design of 
experiments and the analysis of the data. On the other hand, the detailed knowledge of the 
characteristic features of the multi-jet states could provide useful additional tools to study other 
physics. For instance, it could play a valuable role in digging out the signals for new physics 
from the conventional QGD backgrounds. 


2 QCD Jets and the LPHD hypothesis 

2.1 Development of Partonic Cascades 

In the framework of APA the dominant source of multihadron production in hard processes is 
gluon bremsstrahlung. The produced hadrons bear information about the underlying dynamics 
at small distances, so that the distributions of the colour-singlet hadrons in the final state are 
governed by the dynamics of the parton shower system, in particular, by the flow of colour 
quantum numbers. 
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Since multiple gluon radiation plays the key role in hadroproduction in QCD jets let us first 
recall the properties of the basic QCD process, namely the gluon bremsstrahlung off a quark 
with momentum p. The differential spectrum is given by the well-known formula 


Ois{kA_) 


ots{k±) 

dvr 


2Cf 


1+1 



dk dk^ 
~k 1^’ 


27r/61n(A;_i_/A), 6 = (lliVc — 2n/)/3 


( 2 . 1 ) 


where Nc = 3 is the number of colours, Cp = — l)/2A"c' = 4/3 and is the gluon 

4-momentum. The effective coupling is given by its one-loop expression and runs with 
the gluon transverse momentum k±, which comes from higher-order corrections to the Born 
probability 


]; A is the QCD-scale and nj is the number of flavours. 


Let us recall two important properties of the spectrum (|2.1|) : (i) the broad logarithmic 
distribution over kj_ (typical for a theory with dimensionless coupling); (ii) the broad logarithmic 
energy distribution (specific for theories with massless vector particles). 


At large emission angle and large energy E one would get an extra gluon jet with a small 
probability 

Of 

Multijet topology : A:_L~/c~Tf—— -Cl. (2.2) 

71 

At the same time, the bulk of radiation (quasicollinear and/or soft partons) will not lead to 
the additional visible jets but will instead populate the original jet with secondary partons 
influencing the particle multiplicity and other jet characteristics. 


Intrajet activity : k±<^k<^E^w^as log^ E ^ 1. 


(2.3) 


The “Double-Logarithmic” (DL) q ^ qg process, together with two other basic parton splittings 
(DL radiation g ^ gg and “Single-Logarithmic” (SL) decay g —> qq), forms parton cascades. 

APA aims to describe quantitatively the structure of multipartonic systems produced by 
QCD branching and to gain the actual knowledge about physics of conhnement by comparing 
the calculable characteristics of quark-gluon ensembles with measurable characteristics of the 
hnal multihadronic states. 


To understand how the offspring partons govern the development of the hadronic yield, one 
has to hnd at hrst what is the condition for a gluon to behave as an independent coloured 
object. Recall that the time interval needed for a gluon to be radiated (the so-called formation 
time) is 


j.form 

^9 


rsj 


1 E 

d+virt Afvirt 


E ^ k 
{p + ky k]_ 


(2.4) 


Comparing Eq. (|2.4|) with the hadronization time of a gluon 


xhad 


kR^ 


(2.5) 
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one concludes that it is the restriction 


k^>R^=IJi = a. few hundred MeV 


( 2 . 6 ) 


which guarantees the applicability of the quark-gluon language, i.e. of the perturbative QCD. 
The partons with ~ /i can hardly be treated as gluons at all since they are forced to 
hadronize immediately after being formed. The real strong interaction comes into play here 
(tts (*:i) 0 ( 1 )) allowing a smooth transition to the nonperturbative plateau of the old parton 

model. It is worthwhile to emphasize that the very notion of as(Q^) can hardly be justihed at 
low at all. Nevertheless, in some practical applications the procedure of treatment of the 
small region does not influence the result, for example, for momentum spectra [O]. In other 


applications one is actually forced to put into the theoretical analysis, in one way or another, an 
infrared hnite effective coupling see for details Ref. The universal a®® becomes 

an important ingredient of the perturbative LPHD scenario. In particular it allows one to keep 
under perturbative control the distributions of c- and 6 -flavoured hadrons, see section 9. The 
hypothesis of the universal hnite a®® can also be applied to a good many interesting problems 
in the light quark sector By this way one could obtain valuable information on the 

integrated inhuence of the large-distance phenomena upon the inclusive particle distributions. 
Thus, as shown in Ref. (see also section 9), the APA analysis of the heavy quark energy 


losses provides one with the numerical value of the characteristic integral 


r2GeV 


dk 


a 


eff 


(k) 


0.36 GeV. 


TT 


(2.7) 


Further phenomenological verihcations of the fact that the effective QCD coupling remains 
numerically rather small would be of large practical importance. For instance, Gribov’s scenario 


demonstrates how colour conhnement can be realized in a held theory of light fermions 
interacting with comparatively small ehective coupling — a fact of potentially strong impact 
for enlarging the domain of applicability of the APA analysis to the physics of hadrons and 
their interactions. 

The structure of the quantities considered below can be expressed symbolically as 


0(t) ^ C(as(t)) * expD 7(as(^')) df'l. 


(2.8) 


This representation incorporates the fact that independent sequential elementary processes 
exponentiate. It exhibits the property of locality inherent to the probabilistic shower picture. 
Due to the AO of sequential branching the evolution parameter (‘time’ t) is connected here 
with the jet opening angle dt = d©/©. The ‘time’ derivative of Eq. (|2.8|) produces the factor 
7 (tts(Q)- It is natural to call the symbolic quantities 7 and C, the anomalous dimension and 
the coefficient function, respectively. 

The exponent of the integrated anomalous dimension 7 incorporates the Markov chains 
of sequential angular ordered parton decays. The regular coefficient function C, being free 
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of collinear (or mass) singularities, describes wide-angle partonic configurations, i.e. multijet 
contributions to the evolution of the system. 

Successive terms of symbolic series for 7 ( 05 ), 

7 ~ + cTs - 1 - , (2-9) 

correspond to the increasing accuracy of the description of elementary partonic decays at small 
angles Qij 1 and, thus, of the jet evolution. Iterating the coefficient function 

C = \ yjotg -\- oig -\- ..., (2.10) 


one accounts for the ensembles of increasing numbers of such jets with large relative angles 
Qij ~ 1. An expansion in y/aj at hrst looks surprising. It arises in an approximation with the 
exponential accuracy to the exact result which is given as the perturbative expansion in a^.i 


Two alternative approaches were proposed to calculate SL effects in the development of 
QCD cascades: the standard renormalization group technique |^| and the probabilistic shower 
method based on the parton branching picture. We shall follow below the latter approach 
which readily provides one with the transparent physical interpretation. The key idea is to 
reorganize the perturbative expansion in such a way that its zero-order approximation includes 
all necessary contributions for an arbitrary number of produced particles. This zero-order 
approximation can be achieved through an iteration of basic A ^ B + C parton branchings. In 
principle, it should be possible to include higher-order corrections to the basic branching along 
with higher point branching vertices A ^ B + C + D ... in order to improve the accuracy of a 
calculation. It is important to emphasize that the choice of an appropriate evolution parameter 
[i.e. the jet opening angle) makes it possible to incorporate all substantial subleading SL terms 
without such a complication. 


Recall that the strong AO provides one with the basis for the probabilistic interpre¬ 

tation of soft-gluon cascades in the double logarithmic approximation (DLA): 


kg ^ kf kg, Qgf < Qfg, ( 2 . 11 ) 

where the subscripts denote the cascade genealogy (hrst introduced by Fadin): ‘grandpa’, 
‘father’ and ‘son’. 

The DLA is the simplest analytical scheme for the QCD parton cascade. It takes into ac¬ 
count the contributions from the infrared and collinear singularities of gluon emission, Eq. ( 0 ). 
but ignores the energy-momentum balance (recoil effects). One can derive then the asymptotic 
properties of the cascade at inhnite energies. It also provides one with the appropriate vari¬ 
ables of a given problem and their scaling properties. However, in many cases the DLA is too 

^Consider, for example, the exact result for multiplicity in double logarithmic approximation n = 
cosh(c y/c^ Y) with c = y/2NcJ^ for fixed as which can be written as series in as, in comparison to the 
approximation n = exp(c y/a^ l^)/2 for large Y. 
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crude for making quantitative predictions. In particular, it overestimates parton multiplicities 
in cascading processes and the characteristic energy of the most actively multiplying partons 
(the position of the maximum of the particle spectra). Quantitatively, in the DLA case one 
keeps track of the ~ yddi term in the anomalous dimension 7 , disregarding 0{as) contributions 
which give rise to the essential pre-exponential energy-dependent factors. For a more quanti¬ 
tative control over parton branching processes one needs to take into full account SL effects 
which are next-to-leading in the expansions (|2.9|) and (p.lO|) . This is achieved by the MLLA. 


The MLLA can be viewed as a straightforward generalization of the standard leading log¬ 
arithmic approximation fiOl J 45| J 4^ based on the probabilistic scheme which takes into account 
both DL and essential SL effects. It is important to notice that beyond the MLLA a probabilis¬ 
tic picture of the parton cascade evolution does not exist (for instance, there are the so-called 
colour monsters: suppressed soft interference contributions, appearing only in the 4th order 

of perturbation theory Recall that the global features of the multiparticle hnal state, 

on one side, and the basic interaction cross section on the other are due to essentially different 
physical phenomena. It is the accompanying soft gluon radiation that dominates the former and 
is completely unimportant for the latter. As a result, the conventional evolution parton picture 
by no means guarantees the very possibility of viewing the hnal state structure in 
a probabilistic way. Each time one needs to reanalyse the structure of contributing Feynman 
amplitudes, accounting for the interference effects which are much more pronounced in the soft 
emission, to see whether it is still possible to present the hnal result in the probabilistic fashion. 


The MLLA parton decay probabilities look as follows 




= 


as (k^\) ^ nr, ^ dfl 

^sg “ 1 “ ^fg ^- 5 / 


( 2 . 12 ) 


(^sf (^sg 

where subscripts refer to the “soft gluon family”. Hereafter we denote by aik the angular factor 


Clik 1 U 2 Tik 1 COS 02^. 


(2.13) 


Eq. (|2.12|) takes into full account the SL ehects. Here the DGLAP (Dokshitzer-Gribov-Lipatov- 
Altarelli-Parisi ) splitting functions include both soft-gluon emission and terms 

corresponding to a loss of energy logs in A ^ B + C decays. The exact angular kernel V{n), 
depending on the directions of parton momenta of three sequential generations, replaces the 
crude strong AO (see Eq. ( p.ll|) ). One can easily check that 


r2TT 2 

(^f{g) (^))azimuth average = / X ^f(g) (^) ~ ~ 

«/0 ^TT ^sf 


(2.14) 


with 0 the step function. 

^Another instructive example is connected with the interjet collective phenomena which could be reproduced 
in a probabilistic scenario only in the large Nc limit (see also section 6). 


13 



















This means that the decay probability integrated over the azimuth of ‘son’ around ‘father’ 
results in the logarithmic ©-distribution inside the parent cone Qgf ^ Qfg and vanishes outside. 
It is important to emphasize that the ‘Id-scheme’, Eq. ( ^.121 ), proves to eliminate not only 
A —>■ A + g' + g" but also A ^ A + g' + g" + g'" elementary splitting processes, factorizing them 
completely into the chains of two-parton decays. 


2.2 Generating Functionals and their Evolution Equations. 


To describe the development of the QCD jets it was found very convenient to apply the Gener¬ 
ating Functional (GF) technique. The advantages of this method for the perturbative treatment 
of the QGD partonic systems were hrst realized in Jet Galculus of Ref. . After embodying 
the QGD coherence effects this technique can also be readily applied for studying 

soft partons. Since then GFs were used quite successfully allowing one to fully account for 
the subleading corrections to the DL description of the intrajet cascades in e'''e“ annihilation 
see Ref. 0. The GF method is a very convenient tool for describing the structure 
of the hnal states in Deep Inelastic Scattering (DIS) as well. 


2.2.1 Inclusive Distributions and Multiplicity Moments 

GFs are the functionals over the space of the “probing functions” u{k) and they accumulate 
the information about the overall QGD cascade 

Z{{u}) =J2[ • • • d^knu{ki )... u{kn)Pniki ,..., fcn) (2.15) 

where ..., kn) is the probability density for exclusive production of particles with 3- 

momenta ki ... kn- 

Taking the variational derivative of Z over the probing functions u{ki) at u = 1 one 
arrives at the inclusive n-parton momentum distribution 

D^^\k,,-,kn) = 5^Z{{u})/5u{k,)-5u{kn) U =1 . (2.16) 

One also considers the connected (often called cumulant) correlation function 

r(")(fci, ...,kn) = S^ In Z{{u})/6u{ki )... Su{kn) U=1 (2.17) 

in which the reducible correlations are subtracted, e.g. for n = 2: r(^^(/ci, ^ 2 ) = D^‘^\ki, ^ 2 ) — 
(ki){k 2 )■ The expansion of Z at u = 0 generates exclusive parton distributions and 
correlations. 

After integration over the momenta one obtains the generating function for the multiplicities 
Z{u), u{k) = u 

00 

Z{u) = Y.PnU^ (2.18) 

72=0 
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From the integral of the distributions and F*^”) 
obtains the factorial moments 


m 


(p.l6) and (2.17) over momenta 


one 


/( 9 ) = ^n{n-l)...{n-q + l)Pn 

n 



(2.19) 


and the cumulant moments 


(X<i) 



<? 

\nZ{u) 


( 2 . 20 ) 


The hrst moment is the average multiplicity n 
moments 


fW = (P) _ In the applications the normalized 

C^q) = ( 2 . 21 ) 


are considered most frequently. 


2.2.2 Evolution Equation in MLLA 


When studying the global characteristics of parton systems, such as mean multiplicities and 
multiplicity fluctuations, energy particle spectra and correlations, etc., one replaces the full 
angular kernel V{n) in Eq. (|2.12|) by its azimuth averaged analogue of Eq. ( p.l4|) . In this case 
the exact AO makes it possible to construct a simple Evolution Equation for jet GFs. 

In MLLA the system of two coupled equations for functionals Zg and Zg, which describe the 
parton content of quark and gluon jets with initial momentum p and upper limit 0 on opening 
angles, reads {A,B,C = q,g): 


I _ /*1 

ZAip,Q;{uik)}) = UA{k = p) + - + 

2! ^ Jo 0' Jo 


( 2 . 22 ) 


X ■S’a"' (j) Zb(zp, 0'; {«}) Zc((l - z)p, 0'; {«})e(q - Q^). 

ZTT 


where $^‘"(z) are the splitting functions ||45|j46 


mz) = m{l-z) = 2CF 


i + {i-zY 


n{z) = mi-z) = 2Tn[z^ + {l-zn 


mz) = mi-z)=ANc 


/. N 1 — ^ ^ 

z{l-z)P -+ 


l-z\' 


(2.23) 

(2.24) 

(2.25) 


with Gi? as in (p.l|) and Tr = 1/2. 

These evolution equations ( 2.22|) correspond to the probabilistic picture of a Markov chain 
of sequential parton decays. The hrst term in the r.h.s. corresponds to the case when the A-jet 
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consists of the parent parton only. The integral term describes the first splitting A ^ B + C 
with angle 0' between the prodncts. The exponential factor gnarantees this decay to be the 
hrst one: it is the probability to emit nothing in the angnlar interval between 0' and 0. The 
two last factors acconnt for the farther evolntion of the prodnced snbjets B and C having 
smaller energies and smaller 0' than the opening angle as repaired by angnlar ordering. 


The MLLA eqnation has hrst been written for small angles, then the jet virtnality is given 
by the maximnm transverse momentnm Q = p0 as in (|2.22|) . It may be desirable to extend 
the evolntion towards larger angles, in this case an appropriate evolntion variable is 


Q = 2psin(0/2) 


(2.26) 


This scale is nsed, for example, in the topical application of the generating fnnction techniqne 
to the calcnlation of jet and snbjet mnltiplicities nsing the popnlar fc^/Darham clustering 
algorithm (see subsection 4.2). 

Using the normalization property of the GF 


Za(p, 0;{M})U(fc) = i = 1 

the MLLA formfactors can be found as 

re dQ' B ^ a,{kl) 


Wq = 


Wg = 


0 ' Jo 


dz 


27r 


re dQ' B ^ a,{kl) 


0 ' Jo 


dz 


27r 




- «F^(z) + Uf^liz) 


(2.27) 


(2.28) 


(2.29) 


Collinear and soft singularities in Eqs. 


APA) by the transverse momentum restriction 

k_i_ ^ z {1- z) pQ' > Qq. 


and ( p.29|) are regularized (standard for 

(2.30) 


where Qo is a cut-off parameter in the cascades. 

Differentiating the product Za exp [wa{pQ)] with respect to 0 and using Eq. (p.22|) one 
arrives at the Master Equation |l6|,|47|i 


gzvp.e) = i E 


d In 0 


2 ^ JO 


dz 


(2.31) 


X ^zAzp, 0) Zo((l - z)p, 0) - ZAp, 0)1 . 

ZTT 


The initial condition for solving this system of equations reads 


^a(p, 0;{m})Ip0 = Qo = UA{k = p). 

^For earlier simplified versions of this equation, see [p^p0| 


(2.32) 
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The A-jet with the hardness parameter pQ which is set to the boundary value Qo where the 
evolution starts, only consists of the parent parton A. This natural condition is clearly seen 
from the integral Evolution Equation ( |2.22|) where the second term disappears at pQ = Qq 
together with the form factor in the Born term: 

WAiQo) = 0. (2.33) 


Results from these equations are complete within MLLA accuracy (i.e. y/aj terms are taken 
systematically into account). In addition they provide the solution including the boundary 
conditions. Equation (|2.31|) accumulates information about azimuth averaged]ei characteristics 
in the MLLA and looks similar to the DGLAP equations for single-inclusive parton distributions 
45i^ but with a nonlinear kernel. 

The global properties of a system of QCD jets can be described by applying variational 
derivatives to the proper product of GFs. For instance, for e’''e“ annihilation into hadrons at 
the total cms energy W = 2E one obtains 

(IE; {«}) = [Z,(E, 0 = tt; {«})]' . (2.34) 


[40 


Gorrespondingly, the hnal particle distributions generated by the two gluons in a colour singlet 
state at IE = 2Eg are described by 

ZfqW'lW) = lZ,(E„e^r,{u})f (2.35) 


The equations (|2.31|) are now actively exploited for studying various properties of QGD jets, 
see e.g. PP| JTg3| , P^ ,Pi|52|,^P|,^ . 


2.2.3 Evolution Equation in DLA 


In the DLA one neglects the energy-momentum constraints and approximates 1 — z 1 in 
(|2.31|) . This yields a simpler equation which can be integrated to give (with d^k = dujd^k±) 


Za{p,Q]{u}) = u{p)exp(^ J 
X Ga 


duj d‘^k I 


r(p,0) 

2as{k‘]) 


oj 27ik‘j_ 

[Zg{k,Qk;{u})-i] 


(2.36) 


The subscript A refers to the g and q jet GFs (A=g,q) and Ca to the respective colour factors 
Nc and Cp- The secondary gluon g is emitted into the interval r(p, 0): a; < = |p| and 

0A; < 0. Due to the angular ordering constraint the emission of this gluon is limited by its 
angle 0^ to the primary parton A. This DLA Master Equation p7| , ^ , |50i yields the correct 
results in the high energy limit p —> cx) and, therefore, allows one to study the asymptotic 
scaling properties of the observables under consideration. At present energies the results from 
the DLA are often unsatisfactory at a quantitative level. 
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2.3 The Concept of LPHD 


At present QCD has not yet evolved into a theory which wonld describe directly the measnrable 
observables of the hadronic final state. Therefore the application of PQCD is not possible 
withont additional assnmptions about the hadronization process at large distances which is 
governed by the colour conhnement forces. 

The simplest approach is to neglect such large distance effects altogether and to compare 
directly the perturbative predictions at the partonic level with the corresponding measurements 
at the hadronic level. This idea can be applied at hrst to the total cross sections, and then 
to jet production for a given resolution whereby the partons are compared to hadronic jets at 
the same angles and energies. This approach has led to spectacular successes and has built 
up our present confidence in the correctness of QCD as the theory of strong interactions, in 
particular, concerning the properties of the basic vertices and the running coupling in terms of 
the QCD scale parameter A. In such applications the resolution or cut-off scale is normally a 
fixed fraction of the primary energy itself. 

It is then natural to ask whether such a dual correspondence can be carried out further to the 
level of partons and hadrons themselves. To perform the necessary multiparton calculations one 
has to introduce the additional cut-off parameter Qq as explained in the previous subsection. 


The answer is, in general, affirmative for “infrared and collinear safe” observables which do 
not change if a soft particle is added or one particle splits into two collinear particles. Such 
observables become insensitive to the cut-off Qo for small Qo and have therefore a chance to 
be independent of the hnal stage of the jet evolution. Quantities of this type are energy flows 
and correlations p6| , ^^ and global event shapes like thrust, for a review, see e.g. 


5c 


In the next step of comparison between partons and hadrons we consider observables which 
count individual particles, for example, particle multiplicities, inclusive spectra and multiparton 
correlations. Such observables depend explicitly on the cut-off Qo (the smaller the cut-off, the 
larger the particle multiplicity). A possible correspondence between these infrared sensitive 
observables for partons and hadrons has been considered in the DLA within the context of 
“pre-confinement” ||T8| , ^ or “soft blanching” 


According to the hypothesis of Local Parton Hadron Duality (LPHD) H the hadronic 
spectra are proportional to the partonic ones if the cut-off Qo of fhe parton cascade is decreased 
towards a small value of the order of the hadronic mass itself. By making use of the increased 


accuracy of the MLLA, the LPHD hypothesis could be subject to meaningful tests [17 


In this review we will concentrate on further tests of the LPHD hypothesis concerning 
“infrared sensitive quantities”. To deal with the cut-off Qo one can proceed in different ways. 
If the cut-off dependence factorizes (for example, multiplicity) one can again get “infrared 
safe” predictions after a proper normalization. In other cases (for example, inclusive momentum 
spectrum) the observables become insensitive to the cut-off at very high energies if appropriately 
rescaled quantities are used. 
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Alternatively, one can try to relate the transverse momentum cut-off Qq to the hadronic 
mass. This is suggested since this cut-off also sets a lower limit on the parton energy Ep > 
> Qo, i.e. it acts like a parton mass. Then the general idea of LPHD is to compute hadronic 
observables from the partonic hnal state 


0{xi,X2, ...)| hadrons ~ O (Xi , X 2 , ..., Q05 Ipartons 


(2.37) 


where Qo is an effective mass to be determined by experiment. For charged particle hadronic 
hnal states Qq — ^ — 250 MeV is appropriate (see section 3). 


The hypothesis of LPHD lies at the very heart of the APA but at the same time this key 
hypothesis could be considered as its Achilles heel as it remains outside of what can be derived 
within the established framework of QCD today. On the other hand, LPHD hts naturally into 
the space-time picture of the hadron formation in QCD jets []60| ,^ ^. It is intriguing that 
the LPHD ideas look quite natural within Gribov’s conhnement scenario |]^|. In this approach 


there is no need for high virtualities of gluons in QCD cascades. This could provide a clue for 
the understanding of a conceptual problem of LPHD, namely the yield of massive hadrons such 
as baryons in the QCD jets, see . 


The comparison of parton and hadron hnal states can also be pursued by deriving parton 
level predictions from a parton Monte Carlo calculation. This allows one to include more 
complex quantities in the discussion for which analytical calculations cannot be easily obtained 
with the necessary precision. Some care is required, however, in this case as typically the 
parameter Qq in the Monte Carlo cannot be made sufficiently small to obtain a good ht to the 
data i. Then only properly normalized “infrared safe” quantities should be compared. An early 
example of this type is the treatment of multiparton correlations in rapidity windows [|6^ , |6^ 
which separates the “safe” normalized moments from the “unsafe” multiplicities (see subsection 
4.1.3). 


One may expect that LPHD works better with increasing energy as the sensitivity to the 
cut-off decreases. At realistic energies the LPHD is by no means an obvious hypothesis. For 
instance, the spectrum of each hadron depends on the species of its ‘parent’ particle. The 
standard assumption of the LPHD is that the convolution of these distributions is reproduced 
by the spectrum as calculated for a parton shower with a properly chosen cut-off. Whether 
or not present energies are sufficiently large for the perturbative approach to be applied is a 
question for experiment. 


Nowadays, in the applications of the LPHD to the available data there are different inter¬ 
pretations by different authors. For instance, the “hard-liners” follow literally the idea of “one 
parton — one hadron” equivalence. We feel that a dual picture will only have a chance to work 
if some averages are taken and LPHD is not applied at an exclusive level. A plausible approach 

®The standard JETSET and HERWIG |3|] Monte Carlo’s are not appropriate in this connection. On 
the other hand, ARIADNE |3^ allows for such parameters; we thank G. Gustafson for the discussion of this 
point. 
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is based on the correspondence between the averaged local phase-space densities of partons 
and hadrons |^. Another possibility is to extend exclusive multi-jet analyses towards smaller 
scales > 1 GeV such that an average over small mass clusters is maintained |^. It is quite a 
delicate question of where to draw the line for what precisely the LPHD is capable to predict 
at current energies and what noti. To hnd out these lines will be a challenge to experiment. 


Finally, let us recall that well-tuned Monte Carlo models are vital for the practical purposes, 
for instance, for unfolding parton distributions from hadron spectra. These models include ex¬ 
act energy-momentum conservation and contain further physics assumptions concerning the 
hadronization stage and free parameters that are not derivable within the purely perturbative 
framework. In the WIG’ged Monte Carlo the angular ordering is implemented through the so- 
called coherent parton shower algorithms. Contrary to these phenomenological models, APA 
has no flexibility with the free parameters and cannot challenge these phenomenological ap¬ 
proaches in the accuracy of the data description. However, concerning Monte Carlo algorithms 
there is always a ‘devil’s advocate’ question of whether these models, with all their degrees of 
freedom, lead to a better understanding of the hadronization dynamics, or merely provide one 
with the better parametrization. 


Concluding this subsection we would like to emphasize once more that the LPHD is, by no 
means, a dogma and any of its breakdown in the experiment may shed light on the details of 
hadronization physics. 


3 One-Particle Distributions 


We hrst discuss the inclusive momentum spectra which were the starting point for the quanti¬ 
tative testing of the MLLA predictions (i.e., in yWJ accuracy). Until today these calculations 
are the only ones which take into full account the constraints from the boundary conditions at 
the cut-off Qo and, therefore, play an especially important role in the conclusions concerning 
the LPHD concept. Also we discuss here the differences between quark and gluon jets which 
requires Next-to-MLLA accuracy. The main emphasis in these studies is on the soft part of the 
spectrum using the variable ^ = \i\l/xp with Xp = p/Ejef We come back to the quark gluon 
jet differences in section 4.2 on jet multiplicities. 


In a complementary approach one considers the energy evolution of the Xp spectrum (“frag¬ 
mentation function”) in two-loop accuracy for the running coupling (for a theoretical review 
see 1^ and for the recent analyses of data, see Refs. |l66|,|^|68|). This is expected to be 


more precise for large Xp but does not take into full account the contributions important for 
the soft region. 

Most experimental information on particle spectra has been collected in annihilation. 
These data are discussed in this section. Recently hrst results from HERA and TEVATRON 
have become available, see sections 6 and 8. 


®We are very grateful to T. Sjostrand for the illuminating discussions of various aspects of the LPHD, see 
also |l2|. 
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3.1 Momentum Spectra and Multiplicity in MLLA 

3.1.1 Evolution Equation and Analytical Prediction 


The MLLA Evolution Equation for the inclusive distribution of partons B 


xD^{x) = E_ 


B 


6u{kB 

follows directly from Eq. (|2.31|) and takes the form: 
d 




d In 0 


- xD^{x, In EQ) = Y. 


C=q,q,g 




-eg f-,ln zEs) 


(3.1) 


(3.2) 


where E, 0 are respectively the energy and opening polar angle of a jet A, and stands for 
the regularized DGLAP kernels. The boundary condition for (p.2|) is 


2^A“(^)|lnEe=lneo = <1(1 


(3.3) 


The QCD running coupling is given by its one-loop expression ( |2.1|) . The scale of the coupling 
is given by the transverse momentum k± ~ z{l — z)EQ. The shower evolution is cut off by the 
parameter Qq, such that k^> Qq. 

The integral equation can be solved by Mellin transform: 




with 


and parton momentum k. 


Y 



dx ^ 

- X 

X 

[xD{x,Y)] = 

r dee-«“E(e,E,A) 

JO 

(3.4) 

EQ 

0„ ’ 

\ 1 

A = In-, 

« = ‘“I 

(3.5) 


In flavour space the valence quark and (±) mixtures of sea quarks and gluons evolve indepen¬ 
dently with different “eigenfrequencies”. At high energies and x 1, the dominant contribution 
to the inclusive spectrum comes from the “plus”-term, which we denote by {Y, A) = {Y, A). 

In an approximation where only the leading singularity plus a constant term is kept, it satisfies 
the following Evolution Equation: 


where 



d 

'dY 


DUY,\) 


AN, 


a.. 


c 


271 


DUY,X) 


= —a 





D^y^) 


a = + 


2nf 


(3.6) 
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(3.7) 












Taking a = 0 and dropping the r.h.s. would yield the DLA Evolution Equation. 

By dehning now the anomalous dimension 7^ according to: 

D^{Y,X) = D^{Yo,X) exp dy'y^ 

the Evolution Equation for the inclusive spectrum can be expressed in terms of a differential 
equation for the anomalous dimension as follows: 

[u + 7^)7^- = -p{as) + 7c.) ^ (3.9) 

where (3{as) = ^ ^^(F) ~ —b The hrst term on the right hand side of ( ^.91) proportional 
to the (3- function keeps trace of the running coupling effects while the second accounts for 
the “hard SL correction” to the DL soft emission. Both prove to be corrections (of relative 
order ydfj) to the left hand side which is 0{as). Within the DL accuracy the r.h.s. of (|3.9|) is 
negligible and the well known DL anomalous dimension comes immediately: 

(a;+ 7^)7^ - 7o = 0, 7c?^(«.) = ^ ^ ; (3-10) 

with 

7o^ = 7o^(a.) ^ 2Nc (3.11) 

TT 

Choosing the (+) sign for the square root corresponds to the high energy approximation. The 
next-to-leading order result in MLLA follows from Eq. (|3.9|) : 



Iw = 7 


DL 


a. 

+ — 
2ti 



OJ 


+ b- 




^00^ + 472 J o ;2 + 47 o 2 


+ 0(«3/^). (3.12) 


It is also possible, to hnd an analytical expression for the exact solution of the differential 


equation (|3.6|) . It can be expressed in terms of the confluent hypergeometric functions 


see 


for details 23,53 


D{{uj,Y,X) = 


r(A + i) 

T{B + 2) 


Z 1 Z 2 {‘h (—A + i? + 1, + 2, — zi) T(A, 5 + 1, Z 2 ) 


(3.13) 


+ + 1) ^(^ + 1, 5 + 2, ;2i) ^-A + 5 + 1, 5 + 1, -Z 2 )} cl 


where we have used the notation 

A 

Zl 


R = - 

bu ' ~ C 

uj(Y + A), Z 2 — ojX 


(3.14) 
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Indices i and / in Eq. (|3.13|) respectively stand for the initial parton generating a jet {i = g, g) 
and for the hnal one whose spectrum is studied (/ = q,g). In the leading approximation the 
coefficient functions Cf are simply 

To reconstruct the x-distribution one has to perform the inverse Mellin transformation 

r r 1 e /•e+ioo ^/ ; 

lxD{(x,Y} = B/K.y.A) = / (3.16) 

Je—ioo ZTTt 


where the integral runs parallel to the imaginary axis to the right of all singularities of the 
integrand in the complex a;-plane (if any). 

After the chain of transformation the solution in the physical region of particle energies 
0 < ^ < E can be written as 

xD( (x, K, A) = ^ X-^H-A + B+1,B + 2,-uj(Y + X))K: (3.17) 

where 

C = K(a,,A) = ^(a;A)»>I>(AB + l,a)A)C/. 

As we shall discuss below this restored x-spectrum of partons exhibits the celebrated hump¬ 
backed structure with a maximum at particle energies approaching asymptotically a/E. Explixit 
analytical results can be obtained for the special case A = 0 (“limiting spectrum”) and for the 
moments of the distribution. Alternatively one can evaluate ( p.l7|) numerically. 


3.1.2 Hadronization Effects and LPHD 


Let us recall the basic ideas of how to arrive at LPHD in the analytical predictions for the 
inclusive spectra of hadrons, see Refs. 0.0 ■ In the leading twist approximation this spectrum 
can be symbolically presented in the general factorized form of Eq. (|3.17|) as 


xD^{x,Y,X) = [ ^ x-^ + X) H{u;,X) 

J ZTTZ 


(3.18) 


where x = Besides the jet energy E and the QCD parameter A this expression also 

depends on the k± cut-off parameter Qq which - as already discussed - also plays the role of 
an “effective mass” of a parton. The choice of the value of Qo sets a formal boundary between 
two stages of jet evolution: the one of the parton branching process, which is controlled by 
perturbative theory and then the stage of non-perturbative transition into hadrons. Thus, if 
there were a theory of hadronization, the result would be independent of the formal quantity 
Qo separating the two stages. 
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In Eq. (|3.18|) only the <I> factor contains the E dependence and is nnder pertnrbative con¬ 
trol, while H contains the contribution from hadronization. If this can be represented as a 
convolution of the respective decay functions, we obtain 

H{u;,X) = (3.19) 

with the Mellin-transformed parton hadronization function for the “massive” parton. 

We are interested in the kinematic region of relatively soft particles a; 1. In such a 
case the essential values of uj under the integral in (|3.18|) prove to be small, a; <C 1 (near the 
maximum of the spectrum uj ~ 1/a/F). To understand how hadronization affects the spectrum 
shape one needs to know the behaviour of C^iuj) at a; —> 0. 

Let us compare two different possibilities 00: 

(i) The singular behaviour C^{uj) ~ 1/uj + ... would correspond to the picture in which each 
parton produces hadrons with a plateau-like distribution. In such a case the depletion of 
particle yield at small x, which is a characteristic manifestation of QCD coherence in the 
parton spectra, would never manifest itself in hadron distributions. 

(ii) The regular behaviour (namely, C^{uj) —>■ constant) corresponds to the local screening 
of colour in phase-space and hadronization of partons. In this case hadron and parton 
spectra prove to be similar and the LPHD is realized. 


Non-perturbative effects, for instance, resonance decays could in principle smear the distribu¬ 
tions over a hnite interval ~ 1. Therefore, as was emphasized in Refs. one should not 

expect necessarily a one-to-one correspondence between partons and hadrons at an exclusive 
level but only in their average characteristics in the ensemble of events and in the fluctuations 
around the average. At high energies these smearing effects are small compared to the full 
kinematic range ~ Y and can be neglected in the distribution in the rescaled variable ^/Y. 
Then, the overall normalization factor (7^(0) remains the only arbitrary parameter. It may be 
hxed, for example, by htting the average multiplicity while the effective value of A could be 
determined from the energy dependence of the spectrum. 


Let us emphasize an important property of the spectrum, given by ( p.l8|) . Namely, at very 
high energies, when the typical values of a; A ~ A/a/F <C 1, the shape of the ^-spectrum appears 
to be insensitive to the precise value of Qo 


/C(a;, A)|^a<i ~ A:(A) = const. 


(3.20) 


Thus when the cascade is sufficiently developed, the shape of the resulting distribution of 
particles becomes insensitive to the last steps of evolution and approaches a limiting behaviour. 
This observation may justify an attempt to provide the development of the cascade not with 
an increase of E but with a decrease of Qo, thus enhancing the responsibility of perturbative 
QCD at present energies. The extreme case is the limit A ^ 0 (“limiting spectrum”). 
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3.1.3 Moments 


It proves to be very convenient (see e.g. [^,^,3) to analyse inclusive particle spectra in terms 
of the normalized moments 

e, =< e >= ^ / (3.21) 

where N is the mean multiplicity in the jet, the integral of the spectrum. Also one dehnes the 
cumulant moments Kq{Y, A) 0 , or the reduced cumulants kq = Kq/a'^, which are related by 


= 6 

As ^ ^<(e-e)'>, 

A 4 = — 3cr^. 


(3.22) 


where the third and forth reduced cumulant moments are the skewness s and the kurtosis k of 
the distribution. 

If the higher-order cumulants {q > 2) are sufficiently small, one can reconstruct the 
distribution from the distorted Gaussian formula, see Ref. []^ 


D(0 ^ 


N 


exp 


ifc--s5--(2 + k)6^ + - + — k6^ 

8 2 4 ^ ^ 6 24 . 


(3.23) 


a \plT^ 
where 5 = (■C — 0/<^. 

A characteristic feature of the particle spectrum is the “typical” value of the quantity 
which could be represented by the various measures of the “centre” of the distribution (see 
Ref. for details). Statisticians commonly employ three seemingly unrelated measures of the 
‘centre’ of the probability distribution P(0, namely 


1. The mean value, ^ = /g“ ^P{Od^, already introduced in ( p.22|) 


2. The median value which is such that the probabilities of lying above or below this 
value are equal, i.e. /q”* P{^) 

3. The modal or peak value at which P{i) reaches its maximum. 


Higher-order cumulants can be found from the expansion of the Mellin-transformed spec¬ 
trum D^{Y, A) in ( p^ : 

' (3.24) 


or equivalently. 


lnD4y,A) = ^ KqiY,X) ^ 

q=0 


Kq{Y,X) = (--^Y log D4Y,X) 


(3.25) 


a ;=0 
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These moments can be calculated from the representation ( 3.17|) for which yields the ex¬ 
pression 1^ 

< c >= {D (l' + (3.26) 

where A^i, N 2 , and are known functions of a, 6, F -|- A and A. So they depend on the 
two parameters Qq and A. 

The high energy behaviour of moments in next-to-leading order can be obtained from the 
appropriate expansion of ( |3.26| ) or directly from the high energy approximation of the anomalous 
dimension 7^ in ( |3.12|) using (^.81 ). This yields for the cumulant moments 

^ \9 


K, = £ dy\~\ UMV)) 


(3.27) 


a ;=0 


or ^ = Ki, = K 2 and the reduced cumulants kq = Kq/a^. Eq. ( p.27| ) shows the direct 
dependence of the moments on as{Y). For hxed for example, one obtains directly Kq{Y) oc 
Y for high energies. 

3.1.4 Properties of the Limiting Spectrum 


At A = 0 the expression (|3.17|) simplihes drastically, since in that case /C(a;, A) = 1 at all a;. 
Decreasing Qq means extending the responsibility of the perturbative stage beyond its formal 
range of applicability. However, this limit is smooth: summing up the perturbative series yields 
a hnite result even if the coupling gets arbitrarily large. At A = 0 one obtains from (|3.17|) the 
hnite expression for the limiting spectrum 




MLLA 


ANct 


f-e+ioo 




A>{A+1,B+2,ujt) (3.28) 


bB{B + l) . Je—ioo 2m 
Recall that in the approximation (|3.17|) the particle spectra in q and (/-jets 


with r = F = Inf. 
differ only by the factor = -^ = |- 

Eq. ( 3.281) is not so convenient for numerical calculations. Practically more useful is an 


expression Erst derived in Ref. using an integral representation for the confluent hyperge¬ 
ometric function <h. 


D'-(e,r) = 


4iVc 

h 

X Ib 


n di 

cosh CK -f- (1 — 24 sin h a 

4 F 

iNc ^ a 

b sinh a 


s/2 


AQN, 


c 


a 


T 


sinh a 


[cosh a A- (1 — 2() sinh a] , 


(3.29) 


Here a = ao + R and uq is determined by tanh uq = 2(C — 1 with C = l — f /sis the modihed 
Bessel function of order B. 
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Characteristics of an individual quark jet are best studied experimentally in the reaction 
e’''e“ —> hadrons. An inclusive hadron spectrum here is the sum of two distributions, cf. 
Eq. and one obtains in the present approximation 


1 da^ 


a 




= 2K^C^gD 


lim 




(3.30) 


where f = In - with x = ^ and is the hadronization constant. 

Let us remind the reader that the basic equation (|3.17|) has been derived in a high energy 
approximation. However, even for moderate energies it is expected to give reasonable quan¬ 
titative predictions because it represents the exact solution of the MLLA Evolution Equation 
(|3.6| ) which accounts for the main physical ingredients of parton multiplication, namely, colour 
coherence and the exact DGLAP kernels in 2-particle QCD branching, and it takes into account 
also the boundary conditions for low virtuality EQ. 

As a consequence of colour coherence soft parton multiplication is suppressed and the ^- 
distribution has the form of a hump-backed plateau which is asymptotically Gaussian 

in the variable ^ around the maximum (d < 1 in (|3.23| )). As was mentioned before, the hump¬ 
backed plateau is among the fundamental predictions of QCD. The asymptotic shape of the 
limiting distribution can be found by the saddle-point evaluation of the spectrum moment 
representation treating r as a large parameter. This Gaussian distribution for a quark jet can 
be written 




N,(t) 


exp 


2 


(3.31) 


a yEri 

Asymptotically in the DLA the multiplicity Nq, the average ^ and the dispersion a are given 
by 


DLA: 


Nr. 


exp 


^IQNc 


-r, 


e = 


r 

2 ’ 


= 


I 

16Nc 


(3.32) 


Next we turn to the moments in next-to-leading order [^,Q. In terms of the running 


coupling the asymptotic behaviour of the limiting multiplicity can be written as, see e.g. 


In N = 


13271 Nc 1 


as{r) 


^ + (y - ^) hi a,(r) + 0(1). 


(3.33) 


The reader is reminded that because of the destructive soft gluon interference, the hrst term in 
Eq. ( p.33| ) is reduced by a factor as compared to the case of incoherent cascades. 


see 


27| 


In the limiting case each of the quantities or introduced above, proves to have 

an energy dependence of the form 


6 = ^ 



(3.34) 
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with 


(3.35) 


C = 


16 Neb 


= 0.2915 (0.3513) for n/ = 3(5). 


The subleading coefficients a* have been computed |5B| , [75| , |7T| , |75| but the next term can be 
obtained only for certain combinations of the mean, median and peak. For peak position 
Omax = —C and it appears that in the available energy range the expression 


r = r 



(3.36) 


leads to a nearly linear dependence of on r. It is worthwhile to mention that in the large Nc 
limit, when lliV^ 3> 2?7,j (cf. Eqs. (|2.1| ) and ( |3.7| )) the parameter C becomes independent on 
both Hf and Nc and approaches its asymptotical value of C = — 0.23. Therefore in this 

limit the effective gradient of the straight line is determined by such a fundamental parameter 
of QCD as the celebrated y factor (characterizing the gluon self interaction) in the coefficient 
b. 


Note that the formula 


has been derived using the distorted Gaussian approximation. 


The exact position of the maximum of the limiting spectrum from the numerical evaluation of 
(|3.29| ) yields a slightly larger value. In the energy range ^/s = 10 GeV to 200 GeV the exact 
position is well approximated by |76f 


r = r 



+ 0.10. 


(3.37) 


This formula describes suprisingly well the observed energy evolution of the maximum of 
the spectrum, see section 3.3. The differences ^ and revealing the net subleading 

MLLA effects, are asymptotically constant 


r-e 




a 

32Nc' 

^max ^ — 


3a 

32Nc 


(3.38) 

(3.39) 


We cannot predict at the moment the first non-leading corrections to these results separately 
but the ratio has been computedB: 




= 3 


h 9 1] 

/ 

+ lo ;J 

, ^ - y 


16iVc 


T = 2r7o(as). 


(3.40) 


Experimental studies of the quantities would provide an interesting test of the APA picture. 


^The fact that the ratio (mode-mean)/(median-mean) asymptotically equals to 3 for a number of ‘almost 
Gaussian’ distributions was discovered empirically long ago by Pearson |f^. 
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At Nc = 3 the shape parameters a, k,s are given in next-to-leading order by 

T 3 



(3.41) 

(3.42) 

(3.43) 


It is worthwhile to notice that the next-to-leading effects are very substantial at present en¬ 
ergies. In particular, the spectrum significantly softens since the SL corrections take into full 
account energy conservation. This affects the rate of particle multiplication which is strongly 
overestimated by the DL approximation!. 

Relative to the leading-order predictions, the MLLA effects imply that the peak in the 
distribution is shifted up (i.e. to lower x), narrowed, skewed towards higher x, and flattened, 
with tails that fall off more rapidly than a Gaussian, as shown in Fig. 3.1. 


The higher order terms in the series expansion (|3.41| - pG3D left out are still numerically 
sizable at LEP-1 energies (~ 10% contribution from next-to-MLLA corrections to ^ and 


a 


and increase towards lower energies. Therefore, it is appropriate in a comparison with the 


data over a larger energy interval to use the exact result (p.26|) from the MLLA solution ( |3.13|) 
including the boundary condition ( |3.3| ) at low virtuality Qq = EQ. In case of the limiting 
spectrum the general result ( |3.26|) simplifies and the moments can be expressed [Q in terms 
of the parameter B = a/h and the variable z as 


<e‘'> 


= P^^\b + 1,B + 2,z) + - 


^^^+^(^)pi^'')(R + 1,5 + 2, z) 


(3.44) 


where and Pi^'^ are polynomials of order 2(g—1) in z. Explicit results for the full expressions 
for g < 3 can be found in and for q =3,4 in [^. For example, for the multiplicity and the 


first two moments one obtains 


N, = C^r{B) 


1 - 5+1 


[2 


' 5+1 




2; = 


' 16 Nc 


T = 2r.7o(as), 


^ _ 1 B Ib+2{z) 
T 2 z Ib+i{z)' 


1 B{B + ^) {B + ^) / 2B{B + 2)\ Ib+2{z) 


\ = - + . ^ ^ 


1 - 




(3.45) 


(3.46) 


(3.47) 


4 ' 2:2 ' z z^ j Ib+Az)' 

These moments fulfil the boundary conditions at threshold and approach the high energy limits 


(IPI) and (TO) 


®Based on the experience with fitting the observed particle distributions in QCD jets into the MLLA picture 
it looks surprising that the leading logarithmic asymptotic predictions are phenomenologically successful in 


the description of the data on DIS structure functions, see e.g. |78 . The future data will show whether this 
observation is only temporary or if it carries some important message. 
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Concerning the asymptotic behaviour (n > 1) 


~ y3/2 

(3.48) 

:2n+2 ~ {Wy" 

(3.49) 

:2.+l ~ (Vy)-^-'^^ 

(3.50) 


one concludes that the higher cumulants (n > 4) appear to be less signihcant for the shape of 
the spectrum in the hump region <5 < 1 . 


It is interesting to investigate to what extent the predicted features of the spectrum reflect 
directly the QCD dynamics beyond the more general constraints from the energy-momentum 
conservation. One such prediction is the suppression of soft particle production due to colour 
coherence which leads to the hump-backed structure already discussed. Another feature is the 
running of the coupling aslkjj which yields an enhanced production of particles at low particle 
or low cms energies as compared to the case with hxed coupling. 


To this end the moments have been calculated in the same MLLA approximation as above 
but with the coupling kept hxed [1^. In this case the evolution equation (|3.6|) for the Mellin 
transform can be solved explicitely and one hnds for the spectrum 


D{(, V, A) = 


(3.51) 


where r] = a'y^/SNc = aas/4:n, i.e. the MLLA correction modihes the known DLA expression 
p7| just by an exponential factor |T^j5^ . In the same way the exact results for the moments can 
be obtained |]5^,|55[|. As expected, the main difference between the hxed and running coupling 


cases develops already at low cms energies (see next subsection). For high energies one hnds 


^ fix — 


Nfix — 

Cfix = 
Sr] 


1 + 


1 + ^ 

7o 


7o, 

Y 


exp ([ 7 o - r]]Y) 


2 _ 


kfix 


3(V-7o^) 1 


7o7o 


Y 


(3.52) 

(3.53) 

(3.54) 


7o 

where 70 = ^70 + V^- This high energy behaviour has to be contrasted with Eqs. (p.32|) , (|3.49|) 
and (|3.50|) for the running case. 


3.1.5 Massive Particles from Truncated Cascades 

In the context of the LPHD logic the limiting formulae are applied for dealing with the inclu¬ 
sive distributions of the “massless” hadrons (vr’s) and, with some care, for all charged particle 
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spectra. To approximate the distributions of “massive” hadrons {K,p,p ...) the partonic for¬ 
mulae truncated at different cut-off values Qq {Qo{mh) > A) could be used, see e.g. |^J75| , [79[ . 
Within the framework of the LPHD-MLLA picture there is no recipe for relating Qo to the 
masses of the produced hadrons and their quantum numbers. Therefore, one could consider 
a phenomenological study of the dependence of the hadron spectra on a parameter Qo as a 
specihc simplihed attempt to gain information about conhnement. 


The expression (|3.13|) for the truncated parton distributions is not transparent for physical 
interpretation and is not easily suited to straightforward numerical calculations!. However, one 


can follow here the route proposed in Ref. |]^ for the case of the limiting spectrum and use for 
(5 < 1 the distorted Gaussian representation (|3.23|) . The MLLA effects are encoded in terms 
of the analytically calculated Qq ^ A) shape parameters a, fc, s, see Eq. (|3.22|) . Also 

one can compare directly these moments with the experimental data. 

Let us discuss some selected properties of truncated cascades. 

The procedure for analytical calculations of the moments ^q{Y, A) for arbitrary Qo and A is 
described in The general result can be expressed as in (p.26|) . The mean parton multiplicity 
can be written 0,0 in a compact form in terms of modihed Bessel (MacDonald) functions 
Iy{x) and K^{x), c.f. Eq. ( p.45|) 

Na{Y,-^) = C^Xi [Ib+i{zi) Kb{z2) + Kb+i{zi) Ib{z2)], (3.55) 


2:1 = 


' 16 Nc 


(>^ + A), 


^2 = 


' 16 Nc 


A 


(3.56) 


b " V & 

where A = q,g denotes the type of jet. The hrst term in square brackets increases exponentially 
with y/Y while the second term decreases. Its role is to preserve the initial condition for the 
jet evolution, namely, Ng = 1. So, at F 3> A it can, in fact, be neglected.0 

For the hrst moment, one obtains 


f = ir + ivGr + A) 


{Ib+2Kb+i — IbKb-i) + {Kb+2Ib+i — KbIb-i) 


(3.57) 


Ib+iKb + Kb+iIb 

In this equation it is implied that in each of the products of the two Bessel functions the 
argument of the hrst (second) one is Zi (2:2). The higher moments can be found in |53[ . 

For a discussion of the main ehect of truncating the cascade at Qo > A. we consider the high 
energy approximations which can also be obtained readily from (|3.27|): 


^ = -A" + 
^ 2 


4yWVc 


(VfTa - \/A), 


(3.58) 


^Only recently a code has been written by the TOPAZ group |M for the calculation of the contour integral 


of the confluent hypergeometric functions in Eq. ( 3.13 ) with A and Qo both as free parameters. The coded 
results have been applied for comparison with the experimental data [ pl| 

^°Eq.( T^ ) does not fulfil the initial condition dNA/dY = 0. This can be achieved by adding further non¬ 
leading terms M. 
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a 



T. i: i^r - (^)' 


32N, 


c 


[(>^ + A) - A], 


(3.59) 


(the limiting spectrum corresponds to 2:2 = 0 (A = 0)), c.f. Eqs. (|3.34|) and (p.41|) . Strictly 
speaking this estimate is valid for large values of A only, since the asymptotic expansion ( |3.12| ) 
relied upon ^^(Qo) ^ 1- However, the message we get is clear: a stiffening of the spectrum is 
predicted for the truncated cascade with Qq > A, i.e. the average and the width of the spectrum 
become smaller with A increasing. The same way one can End the higher order shape parameters 
kq explicitly and then examine the deviations from the leading-order Gaussian spectrum which 
manifest the same qualitative features as in the case of the limiting distribution, see previous 
subsection and Fig. 3.1. 

Without going into detailed technical analysis of particle spectra one can notice an inter¬ 
esting property which concerns one of the most important characteristic — the position of the 


maximum. 


From the expression (p.23| ) for the distorted Gaussian one can see that the non-zero skewness 
leads to a calculable splitting between and namely 




s 

2 ' 


(3.60) 


As shown in Ref. [Q the difference ^ is an energy independent constant. Moreover, this 
quantity proves to be Qq independent as well and, as a result, formula (|3.39|) remains valid at 
Qo 7 ^ A. Namely, 


r-e 


3a 


32Nc 


= 0.351 (0.355) forn/ = 3(5). 


(3.61) 


Gombining this result with Fq. (|3.58|) we conclude that MLLA predicts the energy-independent 
shift of the peak position for truncated parton distributions compared to the limiting spectrum. 
This fact can be used to measure effective Qo values for different hadron species by comparative 
study of the energy evolution of the peak. The observation of an increase of Qo with ruh (for 
hadrons with the same quark content and the same spin) would evidence in favour of the APA 
expectation that massive hadrons are produced effectively at smaller space-time scales. Fig. 3.2 
illustrates the dependence of on Qo at a number of energies and on energy for different Qo 
values as obtained from the numerical evaluation of Fq. (p.lTI) . Also shown is the prediction 
of the asymptotical distorted Gaussian result (|3.61|) . 

It is convenient for phenomenological applications (see e.g. to present in a form 

analogous to Fqs. ( b.36| ), (p.39D for the limiting case 


r 


r 


+ 


C 


T 


+ 0(r-3/2) 


F(A) 


(3.62) 


with F( 0 ) = 0 . 

Based on the results of Ref. [Q it was proposed in to fit both function F{\) and its 
inverse A(F) to polynomials as 

F(A) = -1.46A + 0.207A2 ± 0.06, (3.63) 
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A(F) = -0.614F + 0.153^2 ± 0.06. 


(3.64) 


The given errors denote the maximum deviation from the distribution plotted in Fig. 3.2 in the 
ranges —2 < F < 0 and 0 < A < 2. 


To illustrate the effects of hnite Qq on the parton spectrum we present in Fig. 3.3 the 
distribution D{^,Y,X) calculated by numerical integration of D{uj) (see Eq. ( |3.16|) ) in the 
complex (u-plane and its energy evolution (from Ref. [^|. As example of a higher order 


cumulant we depict in Fig. 3.4 the Qo-dependence of kurtosis k at the LEP-1 energy. Finally, 
let us note that with increasing W the shape characteristics of particle spectra should become 
universal. 


3.2 Quark and Gluon Jet Differences 


Within the perturbative scenario for the particle cascade the larger colour charge of gluons 
{Ca = Nc = 3) compared to quarks {Cp = |) leads to various observable differences between 
the two types of jets. In particular, the more intensive bremsstrahlung off a primary gluon 
yields asymptotically to the larger multiplicity in a gluon jet by the factor ^ = | |^- One 


expects also that the gluon jets are broader and contain softer particles than quark jets of the 
same energy [^,^. Such differences have been discussed already in the early eighties . 
Meanwhile the calculations of increased accuracy became available. Some predictions of this 
type will be discussed in the following. 


It should be noted that these analytical results correspond to isolated quarks and gluon 
jets emerging from pointlike colourless qq or gg systems. Therefore, they describe the entirely 
inclusive quantities not requiring the selection of jet topology or identification of jets within an 
event. Some possible realizations of these requirements are discussed below in subsection 3.3.5. 


So far the bulk of experimental information on the structure of a gluon jet has come from the 
studies of 3-jet events in e’''e“ annihilation. Without special care, such an analysis is inherently 
ambiguous and there is no direct correspondence between the data and the properties of an 
individual gluon jet. In particular, the interjet coherence phenomena play an important role 
here PT| , ^ . 

The situation has been clarified a lot by the recent LEP-1 analyses which complement the 
analytical predictions by the detailed Monte Carlo calculations at the parton level to take into 
account the actual experimental situation as will be discussed in subsection 3.3.5. 


3.2.1 Multiplicity Ratio 


The ratio of multiplicities in quark and gluon jets has been calculated as an expansion in ^/al 
or in 7 o = \j2Ncois{Q)/ t^ at jet virtuality Q |87| , |88| , |89 

Nc 


= ^ 


C, 


(1 -ri7o -r27o) + O(7o) 


(3.65) 
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The leading term represents the asymptotic prediction which is given by the ratio of color 
charge factors the next terms describe the approach to this limit. The result in order 
has been reported as 


Ti — 2 ( hi + 






n /25 
= -6 


3 Uf 

4i^ 


3 

’ 4’ 

C p Tlf 
NcNcJ ' 8 


7 Ci? UfCp 

" ' Nc^^^UNcNc 


hi 


(3.66) 

(3.67) 


where hi = 11/24, h 2 = (67 — 67r^)/36, h^ = (47r^ — 15)/24 and h^ = 13/3. Results for r can be 
obtained in a diagrammatic approach or by the generating functional method 


89 


In the latter case one starts from the coupled channel integro-differential equations (|2.31 ) for 
the generating function Zji{u) and obtains the corresponding equations for the multiplicities 
Na = Z'jiiu). The generating function which occurs at displaced arguments Ziy + a) (a = 
Ina;, ln(l — a;)) is expanded into a Taylor series at large y whereby terms of the second and 
higher derivatives are neglected (see also section 4.1). The ri-term in ( ^.661 ) corresponds 

to the result of Ref. [^. The hrst term on the r.h.s of (|3.67|) has been obtained in 


whereas 


the other contributions according to come from the terms with derivatives of Z{y). 

Numerically one expects for the ratio r in (|3.65|) for Uf = 3 and at the Z^ mass the value 


= 2.25 — 0.197 — 0.214 = 1.84 [89|. Then, the asymptotic prediction is reduced by about 


20%, but the expansion does not seem to be rapidly convergent. A numerically similar result 
has been obtained for hxed in which case the evolution equation can be solved without 

Taylor expansion of the generating function. 


3.2.2 Differential Distributions 


^-distribution 

As was emphasized before, within the MLLA the momentum fraction distributions in quark 
and gluon jets differ only by the normalization factor ^ = |- Taking account of the Next- 
to-MLLA effects, namely ~ 0{y/a^) terms in the “pre-exponential” coefficient function factors 
C{ in Eq. ( |3.17|) , leads to some controllable change in the shape of particle spectra in q and g 
jets 0^]. 


This change can be described as a shift of the limiting distribution (see Eqs. ( p.28|) , (p.29|) ) 
according to {A = q,g denotes the type of jet) 


DA{^,r) = 


\ A (d d' 

+ ^ (ae + dr^ 


D'-(e,r) ~ D““(e + AA,r + AA), 


'ilim 


A = (= . 

^ 3 \ 27/ ’ 


Aq — Aq -|- Ag (— -|- — 


A - a-3Nc / 5 


(3.68) 

(3.69) 

(3.70) 
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This means that one obtains the particle distribution for a given jet energy E with the a/oJ 

corrections taken into account by just evaluating the (In ln(i?iiin/A)) spectrum 

( |3.29|) at 

Eiim = £'exp(Ag) ~ 1.04 for g —jet (3-71) 

and 

exp(Ag) ~ 0.86 for g—jet (3.72) 

Thus, the distribution in a g-j^f is fairly close to the limiting spectrum with a very small 
shift of the asymptotical position of the maximum to higher x, 


6 



In IjXr, 

Y~ 


A rN«- 

AAg _ 


- 0 . 01 . 


(3.73) 


The spectrum in a g-jet is shifted to lower x compared with the limiting case 


5 In 


Xr, 


= - 1 - 


In I/xe 
Y~ 


Ag ~ +0.04. 


(3.74) 


Whereas the hrst moments for quark and gluon jets are different, it is an immediate consequence 
of (|3.68|) that the higher order cumulant moments from (|3.22|) are the same for both type of 


jets in the given approximation. 

The hrst moments of both .^-distributions have also been computed in Ref. . The leading 
contribution in Aq is as in (|3.69|) , a contribution in higher order is presented as the relative 
shift in a and k. 

Strictly speaking, this consideration of yaj effects tells us about the relative features of g- 
and g-jets, i.e. about the correction to the multiplicity ratio and ^ shift in ^ between the spectra 
of the two. To derive absolute predictions with such an accuracy one needs to go well beyond 
the MLLA scope to be able to dehne the energy scale precisely by hxing the normalization 
scheme. Changing the scale of A by a factor of 0(1) would lead to a correction of the relative 
order of O which is subleading to the MLLA. The same remark holds true, e.g. for the 

next-to-leading correction to the hump position. Scaling the value of A by a factor of p would 
induce a shift (~ In p) in the constant term in Eq. 


Particle and energy collimation 

The different angular spread of quark and gluon jets is illustrated in Fig. 3.5 which shows the 
energy and multiplicity collimation in isolated jets, i.e. when the mutual influence of jets in 
their ensemble is neglected. As one clearly sees both the energy and multiplicity collimation 
grows as jet energy increases, being stronger for a quark jet than for a gluon jet. With the jet 
energy increasing the collimation of the multiplicity flows grows more slowly than that of the 
energy flux, see for details . 
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3.3 Experimental Data Confronted with Analytical Predictions 


This subsection contains a selection of experimental tests of the perturbative approach to 
particle distributions in QCD jets in the semisoft region, based on MLLA calculations and 
LPHD. 

There has been considerable progress in the experimental studies of QCD jets due to several 
factors: the high statistics collected by the LEP-1 and TEVATRON experiments; the improve¬ 
ments in detectors, especially in particle identification and heavy quark tagging efficiency; new 
tools for data analysis; and, of course, the advent of HERA, which allows to perform the funda¬ 
mental tests of the APA picture in DIS [0 (see section 8). A record precision in the studying of 
identified final states has been reached at LEP-1 where about 20 particle species have been mea¬ 
sured, see The discussion of particle spectra presented in this subsection is based on the 

Jl0qjl0l| , |T02| , |l03l|l0l , p^JT06| , [l07| , 1 1| , |112| , [TT3 


experimental results reported in Refs. 

The recent LEP-1.5 data are presented in Refs. [ 123| , 124 , 125| , 126 |; they are analysed in Ref. 
|7B| . For the pseudoscalar and vector meson nonets and for the baryon octet and decuplet, at 
least one state per isospin multiplet has been examined, plus the scalar /q (980) and the tensors 
/2 (1270) and AT*(1430)°. 

According to the LPHD approach Q, the MLLA partonic predictions, when confronted 
with the experimental data, are multiplied by the overall normalization factors 


= A'"!),. 


(3.75) 


This prediction has been applied to the distribution of all charged particles. The comparison 
of data with the limiting spectrum yields parameters Ach — 250 — 270 MeV [54,|75i79,127 . 

Alternatively, Eq. (|3.75|) can be applied to various particle species separately, then the re¬ 
spective values of as well as of the cut-off parameters Qq = Qoimh, ...) should be 
determined phenomenologically from comparison with the data. The effective QCD scale pa¬ 
rameter Agff could be found from the fit to the 7r-spectra using the limiting distribution. Once 
determined, this quantity should remain fixed when fitting the data for different particle species 
using the truncated parton distributions. Since we concentrate mainly on the semisoft region 
the difference in the fiavour composition of the primary quarks is not so essential, but it could 
play a certain role in fitting to data at current energies. The values found for the QCD scale 
Aeff > 150 MeV are a bit lower than those found for the charged particles.0 

The inclusive particle spectra have been studied vigorously in the process hadrons 

since the early PETRA/PEP days. The first comparison [|^] of the vr^ data with the limiting 
spectrum showed quite satisfactory agreement. The new era of the detailed testing of the APA 
predictions has been opened by the OPAL results on the charged particle momentum fraction 
distribution [ 108|| . The first measurement of the identified particle (vr^) spectrum at LEP 
energy has been performed by the L3 group ||109||. A wealth of new experimental information 


11 


In some MLLA-based fits Aes varies for different particle species, see e.g. [M. 
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on particle distributions in jets has been collected at LEP, SLC and TRISTAN since then (see, 
e.g., reviews P,|5|,p!3|,| 


The comparison of charged particle distributions measured by the same experimental group 
at LEP-1, LEP-1.5 and then at LEP-2 will be very useful for examining the relative normal¬ 
ization. 


3.3.1 Charged Particles and Limiting Spectrum 

Energy evolution of ^-spectrum 

To study the energy evolution, in Ref. || 1 U 8 || the data were combined with the TASSO results 
10211 at lower energies 9-44 GeV. Fig. 3.6a shows the data on the fp = In distribution 


together with the predictions of the limiting spectrum (|3.29|) and the distorted Gaussian (|3.23|) 
with ( p.41| - ^G^ ). Even now when we have the whole wealth of new data on particle spectra 
at hand the agreement between the hrst measurements [ 108 and the MLLA-LPHD results 
(derived hve years prior to the data [^,|^]) looks very impressive. In Fig. 3.6b we show the 
recent LEP-1.5 data which follow well the predictions for the higher energy 0 . 


All observed particle distributions, for not too small momenta, are in very good agreement 
with the APA predictions, based on the QGD cascading picture of multiple hadropro duct ion. 
The scale parameter used in the £t is A ~ 250 MeV. A closer inspection of the particle distri¬ 
butions shows a clear deviation from the DLA predictions (|3.31|) , (p.32D : the maximum of the 
^-distribution is shifted upwards from r /2 2 . 6 , also the distribution is not symmetric around 

the maximum. 

Let us make a few comments concerning the charged particle distributions exemplihed in 
Fig. 3.6a, see Refs. |]75| , |79 ip!^ . It is not surprising that the distorted Gaussian distribution 
breaks down at large Xp. More challenging is the agreement of the data at Xp ~ 1 with Eq. 


(|3.29|) representing the true solution of the MLLA Evolution Equations. Such a coincidence 
stems from the fact that in terms of the Mellin- transformed distribution (|3.8|) the approximate 
expression for anomalous dimension at a; <C 1 , that had been used to derive the semisoft 

spectrum (|3.29|) , mimics reasonably well the behaviour of at a; ~ 1 too, which is the region 
responsible for a:p ~ 1 . At a; > 1 it becomes negative (as the true 7 does), thus imitating the 
scaling violation at a:p —>■ 1 . 

The deviations from the limiting spectrum at small Xp, seen in Fig. 3.6a, have a clear origin 
and can be easily avoided. The point is that in the MLLA one makes no principal difference 
between the energy and momentum fractions carried by a particle, i.e. xe and Xp. Meanwhile, 
the MLLA evolution equations, leading to ( p.29|) , in fact treat x a.s xe = Eh/E, so that parton 
distributions vanish below xe = Qo/E (= A/E for the case of the limiting spectrum). If 
this kinematic effect is taken into account in a simple way (see Eq. (p.77|) below), the 

distribution in f^p acquires a tail for large fp. This prediction is shown in Fig. 3.6b as the dashed 
curve and hts the data well. 
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Mean multiplicity 

Another piece of strong experimental evidence in favour of the MLLA-LPHD cascading picture 
comes from measurements of particle multiplicities. The dynamics of the charged multiplicity 
increase reflecting the size of the hump height with the jet energy, is depicted in Fig. 3.7. One 
hnds once more an excellent agreement between the data and the analytical QCD expectation 
(|3.33|) . In particular, the recent LEP-1.5 data agree with the extrapolation of the £t to the 
lower energy data p. 

The experimental results are in distinct disagreement with the expectations following from 
the incoherent QCD cascades. In particular, neglecting the soft gluon interference would in¬ 
crease the slope in Fig. 3.7 by \/2 which is inconsistent with the data for any reasonable Aeff 
parameter (see, for example. Ref. [|^]). A £t including lower energy data based on Eq. ( |3.45|) 
is shown in Fig. 3.9, see discussion below. 

Peak position 

Especially spectacular is the energy evolution of the peak position which is independent 
of the normalization factors. It is displayed in Fig. 3.8 together with the exact prediction 
from the limiting spectrum ( |3.37] ). These data distinctly demonstrate the essential role of the 
next-to-leading corrections. Thus the effective gradient fegfr in the straight line £t 


C = Ka T + const. 


(3.76) 


appears to be about | rather than ^ expected in the DL asymptotics (taking into account the 
QCD coherence). Moreover, the present accuracy in measurements of the energy dependence 
of the hump position makes it possible to test accurately expansion (|3.37|) including the third, 
next-to-MLLA, constant term. 


The existing data on are clearly incompatible with the assumption of an incoherent 
branching picture or a simple phase-space model (.^* ~ t+ const.) |^. Notice that the value of 
at the corresponds to the rather low momenta Xp ~ 0.02 or p 1 GeV. It is worthwhile 
to mention that the energy dependence of the flavour composition of the primary quarks could 
affect the energy evolution of in the wide energy range. 


Cumulant moments 

Instead of studying the energy evolution of the spectrum itself it proves convenient to consider 
the cumulant moments of the distribution introduced in (p.22|) . Analytical predictions are 
available in the MLLA for the general case of different Qq and A parameters 1^^. These 


moments are independent of the normalization of the spectrum and their energy evolution is 
fully determined by the two parameters Qq and A, see subsection 3.1. 


In the comparison of data with the theoretical predictions one can try to avoid the deviation 
seen for large ^ in Fig. 3.6 by taking into account the kinematical behaviour of parton and 
hadron spectra. Note that in the calculations the partons were taken as massless {Ep = pp) 
and Qo was the cut-off in /cj_, for hadrons Qq is taken as an effective mass and Eh = Jp\ + Qo- 
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A simple way to achieve a consistent kinematical behaviour for small energies Ep and is to 
relate parton and hadron spectra in the jet through (for a primary parton A) 


driAj^i 

dph 


= K'^E, 


dUAi^E) _ j.h 


dpp 


= K^D^a{^e,Y) Eh = Ep>Qo 


(3.77) 


at the same energy E or = ^'^Ejf.t/E for partons and hadrons. This relation has the proper 
limit for E p ^ Qq where parton and hadron spectra become proportional, independent of 

Oo0. 

With relation ( |3.77|) it is possible to have a hnite limit of the invariant distribution E-^ for 
E ^ Qo in both cases |^. The experimental momentum spectra are then transformed into 
energy spectra for a given Qo and the moments are calculated. By comparison with the MLLA 
predictions as in Eq. (|3.57|) and the higher moments as in (p.26|)||5^ ) the best agreement 
is obtained for Qo — A ~ 270 MeV, i.e. for the limiting spectrum |^. The results for the 
moments at this Qo and the predictions from the limiting spectrum (p.44|) are shown in Fig. 3.9 
as full lines. The multiplicityEl Ne is htted by Eq. (|3.45|) with two further parameters (a 
multiplicative and an additive one) to allow for a hnite value near threshold. The number of 
havours was taken Uf = 3 which is justihed by the low effective kj_ in the cascade. Also shown 
are predictions with hxed coupling to which we come back below. 


The MLLA predictions with running coupling are remarkably successful considering the fact 
that there are only two parameters, actually coinciding, for the four moments. A deviation is 
visible for ^e at the lower energies which may indicate the inhuence of the leading primary quark 
neglected in the calculation or other uncovered low energy effects. Otherwise, the predictions 
are conhrmed at an almost quantitative level down to the lowest cms energy of 3 GeV where 
charged particle spectra have been presented. If a moment is given at a particular energy, then 
its further evolution is determined as in (p.27| ). It turns out that the boundary condition o 
for low virtuality EQ = Qo actually gives a satisfactory normalization of the moments. 


3.3.2 Identified Particles and Truncated Cascade 


Now let us come to the identihed particle distributions. All existing data show that both the 
bell-shaped form of the spectra and the energy evolution of the maximum are in a fairly 
good agreement with the APA predictions. For illustration we display in Fig. 3.10 the results of 
some recent measurements for different charged and neutral particles at the and from lower 
energies in Fig. 3.11. Also shown is the comparison with the limiting spectrum for pions and 
with the prediction ( 3.111) from the truncated cascade with cut-off Qo for the heavier particles. 


To illustrate how the distorted Gaussian formalism of Ref. (see subsection 3.1) works 
in the case of massive particles we present in Fig. 3.10b the OPAL data of Ref. ||118|| on the 


implies that parton and hadron momenta are not the same for small momenta around Qo- 
^^The zero*** moment Ne of the spectrum (3.77) approaches the particle multiplicity N for high energies. 
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production together with the spectrum of partons from the truncated MLLA cascades and 
its distorted Gaussian approximation. A £t to these data [|^ gives the values of the only free 
parameters, Qo{mK) = 300 MeV, = 0.38. 

Contrary to the case of the limiting distribution, one observes here some deviation at the 
left wing of the spectrum. This is partly caused by a hnite contribution of leading partons at 
Qo > A. In the hard parton region {x ~ 1) particle yields in the quark and gluon jets become 
essentially different and the soft approximation is no longer valid. Note that this region is also 
influenced by the heavy flavour decays. The flavour dependence does not only manifest itself 
at high momenta, but it could also affect the low momentum range. This could cause shifts in 
which depend on the jet flavour. As was mentioned before, towards the right wing of the 
distribution one should take into account the pure phase space effects. 


The energy dependence of the peak position is illustrated by Fig. 3.12 for some charged 
and neutral particles. In Fig. 3.12b the data on tt^’s were combined with the results for all 
charged particle production The latter were replotted on an effective energy scale (A/i)ch = 
^ W ~ 0.625fF (c.f. Eqs. (|3.36|) , (|3.76|) ). Comparison with the observed energy dependence 
of allows further tests of the QCD cascading picture. In particular. Fig. 3.12b conhrms the 
perturbative universality of this dependence |^, see subsection 3.1.5. The present data on the 
identihed particle spectra conhrm the perturbative expectation (|3.62D that for different particle 
species the energy dependence of is universal. The data are completely incompatible with 
the incoherent shower prescription (see Fig. 3.12a). 


3.3.3 Phenomenology of Mass Dependence 


The peak position of the .^-spectra has been determined at the for a large variety of stable 
and unstable particles from Gaussian fits to the central region. For illustration we display in 
Fig. 3.13 the results of some recent ALEPH ||117|| measurements of the inclusive production of 
vector mesons. One sees clearly the hump-backed shape of the particle distributions, which is 
well represented by the Gaussian hts. 


According to the LPHD concept it is natural to expect that two particles with the same 
flavour content and the same spin and nearly the same mass have practically the same ^p- 
distributions. This is conhrmed by the and uj mesons in Fig. 3.13. No evidence for isospin 
dependence is seen in these data. At the same time A'*(892)° production is suppressed compared 
to the and uj and its momentum distribution is harder. This qualitatively follows the MLLA- 
LPHD expectations. 


Note also that, e.g. within Gribov’s conhnement picture one would expect the double- 
strange <I> and S production to be strongly suppressed and their momentum spectra to be 
stiffened as compared to iF*(892)° and A respectively [^. This seems to be in agreement with 
the present data |p^ , |117| , |121| , p.2(]|| . In particular, all experiments converge on a rather low d) 
production rate. 
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Particle 

e 

Exp 

7r+ 

3.79 ± 0.02 

AOS 

7r° 

3.94 ± 0.13 

DL 

K+ 

2.64 ± 0.04 

ADO 

RO 

2.68 ± 0.05 

ADLOS 

V 

2.52 ± 0.10 

L 

r]\958) 

2.47 ± 0.49 

L 

p{770f 

2.80 ± 0.19 

A 

A* (892)0 

2.35 ± 0.07 

AO 

(p(1020) 

2.21 ± 0.04 

ADO 

u{782) 

2.80 ± 0.36 

L 

P 

2.97 ± 0.09 

ADO 

A 

2.72 ± 0.04 

ADLOS 

— 

2.58 ± 0.11 

DO 


Table 1: Maximum presented for various particles in review [Q based on data from ALEPH 
(A), DELPHI (D), L3 (L), OPAL (O) and SLD (S), see also discussion in text. 


The present LEP-1 results on are summarized for various particle species in Table 1. 
Fig. 3.14 from Ref. ||119|| shows the measured peak positions at ^/s = as a function of 
the particle mass. The lines are hts to the data using the functional form ,^* = In ^ with 
changeable parameters mg for mesons (ruo — 6.6) and baryons {rriQ ~ 18). In both cases 
the anticipated decrease of the maximum with increasing particle mass is clearly seen. The 
observation that the simple logarithmic hts seem to describe the data reasonably well looks 
quite intriguing. It may well be that this analysis has provided us with some (still) encoded 
messages concerning the LPHD conceptB. 


3.3.4 Sensitivity to Colour Coherence and Running Coupling 


It is sometimes argued, that the momentum spectrum is largely determined by the global 
features of the hnal state. Here we want to discuss to which extent the momentum spectra 
rehect the characteristic features of the QCD dynamics in the parton jet evolution and what 
is the role of LPHD in comparison to hadronization models. To this end one may consider 
alternative models which miss an important ingredient of the QCD description. 


universal mass dependence ^*^ 5 ^ oc In ^ which includes mesons and baryons has been found for the 
primary hadrons by taking into account resonance decays |94. , |nl|T^ according to the hadronization scheme 
of the JETSET Monte Carlo Although interesting in its own right, this result cannot be derived solely 
within the LPHD philosophy which assumes resonance decays to be represented by the parton cascade in the 
average. 
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Hump-backed plateau 

Let us first consider the case of a cascade without the soft gluon coherence taken into ac¬ 
count. This can be studied in Monte Carlo calculations where the angular ordering constraint 
is “switched off’. Then the .^-distribution does not show any more the Gaussian shape, the 
“hump-backed plateau”, but develops a shoulder towards low momenta (large 0; has been 
shown in a numerical simulation [p.28|| . This is clearly seen also in Fig. 3.15 for the distribu¬ 
tion of gluons as obtained with the JETSET Monte Carlo [Q at a cut-off Qo=l GeV [[129| 


Also shown in this hgure are the spectra of charged particles from both models after string 
hadronization of the partonic hnal state. The parameters of the two Monte Carlo models are 
tuned in order to reproduce the main global features of the hadronic hnal state. Both hadron 
distributions are then found to coincide in Fig. 3.15 and also to agree with the measured spec¬ 
trum in Fig. 3.6. Therefore, it is not possible to claim evidence in favour of the soft gluon 
interference within this hadronization model |p.29|| : the different treatment of the perturba¬ 
tive partonic interactions can be compensated by a different treatment of the nonperturbative 
hadronization phase. On the other hand, evolving the parton cascade further according to 
perturbative QCD from Qq ~ 1 GeV to Qq = rrih, only the gluon distribution for the coherent 
model would approach the data, as is asserted by Fig. 3.15. This example nicely demonstrates 
the predictive power of the LPHD hypothesis which predicts the similarity of parton and hadron 
spectra at comparable scales without additional parameters. On the other hand, hadronization 
models have considerable flexibility to bring theoretical schemes, which are quite different at 
the parton level, into agreement with the data. In particular, the parton shower with string 
hadronization corresponds the LPHD predictions only for a particular set of model parameters. 


We should note another lesson from Fig. 3.15. The test of the LPHD hypothesis through the 
comparison of data with Monte Garlo results at parton level needs some care. The current Monte 
Garlo models use cut-off values Qo greater than the hadronic scales 150-270 MeV obtained from 
the hts to the analytical predictions whereas LPHD requires comparison at the same scale. 
Therefore, the direct comparison of a parton level Monte Garlo with the data makes only sense, 
if the observable considered is infrared safe, i.e. does not depend essentially on the cut-off. This 
is not the case for the ^-spectrum which peaks in leading order a.t ^* = Y/2 ln(E/Qo)/2. 


Limiting behaviour for soft momenta 

Another consequence of soft gluon coherence is the behaviour of the spectrum at small momenta. 
The coherence of the soft gluon emission from all harder partons forbids the multiplication of 
the soft particles and one expects nearly an energy independent behaviour of the soft particle 
P!7|. Such a property has been pointed out to be present indeed in the data |p.3U|J5^. 


rate 


This problem has been studied recently in more detail ||131|| . The analytical calculations 


both within the DLA and the MLLA have been shown to yield the same limiting behaviour of 
the spectrum D{f) for small particle energies, i.e. at ~ V [E ^ Qo), independent of the cms 
energy. In this limit the energy conservation effects and large 2 ; corrections from the splitting 
functions which make up the differences between the DLA and MLLA can be neglected. If 
the LPHD keeps some relevance towards these low energies one expects the same to be true 
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for the low momentum hadrons. In the quantitative analysis it is convenient to work with the 
invariant density E-^ {= E with rapidity y and transverse momentum px) and then one 
expects the energy independence of the invariant density Jq of hadrons in the soft limit 


^ ^ dn 

Jo = hm E— 

y->0,pT^0 d'^p 


1 T^dn 

- hm E——. 

2 (Ep 


(3.78) 


The factor | in this dehnition takes into account that both hemispheres are included in the 
limit p —0. This energy independence is a direct consequence of the coherence of the gluon 
emission. Namely, the emission rate for the gluon of large wavelength does not depend on the 
details of the jet evolution at smaller distances; it is essentially determined by the colour charge 
of the hard initial partons and is energy independent. The energy independent contribution 
comes from the single gluon bremsstrahlung of order as, the higher order contributions generate 
the energy dependence but do not contribute in the soft limit. 


In Fig. 3.16 we show the experimental results on the invariant density of charged particles 
for cms energies from 3 to 130 GeV in e’''e“ annihilation. An approximate energy independence 
of the soft limit (within about 20%) is indeed observed; the same is true for identihed particles 
71, K and p in the range from 1.6 to 91 GeV ||131||. It will be interesting to hnd out to which 


extent the residual energy dependence between the lower energies and the LEP data is due to 
the known incoherent sources, such as electromagnetic or weak decays (for example from K°’s 
or heavy quarks), or instrumental systematic effects. In any case, the observed approximate 
energy independence of the soft particle production over two orders of magnitude down to such 
a low energy is remarkable in its own right. This result has to be compared with the overall rise 
of the rapidity plateau dn/dy at p = 0 after px integration. Within a parton model description 
this phenomenon can only be explained if the cut-off scale is well below 1 GeV. 

The curves in Fig. 3.16 represent the MLLA results derived in a low energy E approximation. 
The different parton and hadron kinematics is taken into account again as in (|3.77|) which 
implies Eh^^ = ~ Qo)- This simple ansatz for extrapolation of the 

predictions towards low particle energies is not unique (see also ||132|| ), but the main prediction 
of the energy independence of Jq in ( p.78| ) is not affected by any assumption of that type. The 
theoretical curves show the approach to the scaling limit and describe well the different slopes 
at larger particle energies. Except for the very small energies they are very close to the results 
from the limiting spectrum ||131|,|133| . 


If the interpretation of the data in terms of the underlying QGD process is really correct, 
the soft particle production rate Jq should depend on the colour charges Ca of the primary 
hard partons. For example, in two jet gg events the low momentum particle rate should be 
larger than in qq events by the factor 9/4. Realistic tests of this type have been proposed 
in 111 3 111 for several processes: e+e“ —> 3 jets (study of the particle production perpendicular 
to the event plane as a function of the relative jet angles), deep inelastic scattering (study of 
do{y) = ^^|pj,=o as a function of rapidity y in 'yvl or 'jvP processes) and semihard processes 
with gluon exchange. The rate Iq in annihilation can then be used as a standard scale 
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in comparison of various processes. In this way the soft particle production could become a 
sensitive probe of the underlying partonic processes and the contributions from the incoherent 
sources. 


Comparison of fixed and running predictions 

Finally, let us discuss the sensitivity of the spectra to the running of a, 
for the moments in MLLA at hxed as are compared in Fig. 3.9 with the data 
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The exact results 
Only the 


multiplicity and the slope of the hrst moment could be htted to the data choosing 70 = 0.64. 
The difference between both models develops already at low energies where the effect of the 
running coupling is largest. At high energies the two models predict the different behaviour of 
Eqs. ( |3.52| - |333| ) and ( p.4^ - |3750| ). If the moments were not normalized at threshold but choosen 
freely at some higher energy point, the hxed coupling model would only work for some rather 


limited energy interval 


To demonstrate the difference between both models in the spectrum shape we show in Fig. 
3.17 the respective predictions for the Lorentz invariant distributions together with data at 
the low energy of ^/s = 3 GeV, where the differences are expected to be largest. The hxed 
and running coupling predictions are obtained using the exact result (|3.51|) and the distorted 
Gaussian with the moments of Fig. 3.9 respectively. As for the decreasing particle energy E 
also the typical particle is necessarily decreasing, the coupling as{k^/K) is increasing. This 
yields the steeper slope in comparison to the hxed coupling model. Thus the running of the 
QGD coupling is visible in the particle spectra even in the energy range of a few hundred MeV 
and this may be taken as further support for LPHD. 


One may consider |5^ some correspondence between the increasing as towards small scales 
and resonance production which both yield conhgurations with collimated particles in the 
hnal state. This view is supported by the observation EH, that a hxed coupling parton 
evolution followed by string hadronization (based on the JETSET Monte Garlo can ht the 
data throughout the PETRA/PEP energy range. This indicates that hadron and resonance 
production in the hnal stage of the evolution has a similar ehect as the running of as at small 
scales. 


In conclusion, the agreement of the QGD-MLLA predictions based on coherent shower 
evolution and running coupling with the momentum spectra is nontrivial and constitutes in 
our view a strong support of the LPHD concept. 


3.3.5 Comparison of Quark and Gluon Jets 


Many experimental studies of the gluon-quark diherences have been done in the period 1983- 
1995. The measurements carried out in e^e“ collisions below (see e.g. and references 
therein) were not very encouraging. Only qualitative indications were reported for a slight 


diherence between the prohles of quark and gluon jets, and the measured value of 


Na 


for 


charged particles was consistent with unity. However, in these studies the quark and gluon jets 
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to be compared often have different energies or belong to different event types (2-jet, 3-jet), so 


their interpretation was quite ambiguous, see for discussion Ref. ||136 


Bearing in mind all the real-life circumstances {qqg environment, jet dehnition, heavy flavour 
effects, non-leading and hadronization corrections, hnite particle mass effects, etc.) from the 
very beginning this result has not seemed a big surprise for both the Monte Carlo community 
(e.g. g) and the APA practitioners, e.g. 0. However, the QCD theorists-purists (who 


have somehow become accustomed to immediate successes of the asymptotic predictions in 
the “down-to-earth” studies) have taken this news as a quite unwelcome fact. Sometimes the 
previously observed small difference in quark and gluon jet properties was even considered as 
the main puzzle of perturbative QCD. This has been a matter of hot debate for quite a long 
time. 

Methods of jet identification 

Luckily since then, with massive statistics, the experimentalists have drastically improved both 
the quark tagging methods and the procedures of the analysis and the recent development looks 
quite optimistic, see e.g. reviews 


OPAL has hrstly applied the heavy quark tagging method to study the differences between 


quark and gluon jets ||137|,|138| , |139|| . This is done in a model independent way by comparing 


gluon jets in events with identihed quarks to a mixture of quark and gluon jets in a sam¬ 
ple of 3-jet events containing all flavours. Detailed studies were performed also by ALEPH 
|140| , [I41| , p.42|J143|| and DELPHI ||144|| . Recently comparisons of separated b and light quark jets 
to gluon jets became available as well ||145|,|140|,|144| . 


Convincing experimental results concerning differences between quark and gluon jets have 
mainly come from the recent investigations at LEP-1. One method consists of studying the 
so-called H-shaped symmetric 3-jet conhguration where two lower energy jets 2,3 recoil against 
a high energy jet 1, Ei > E 2 ^ E^. With an opening angle of 150° between the high energy 
jet and the two low energy ones the high energy jet is a quark jet in about 97% of all cases. 
Without further tagging the sample of all low energy jets contains about equal amounts of 
quark and gluon jets with comparable energy E ^ 24: GeV. Using lifetime information or a 
lepton-tag to identify the quark jets allows one to select an unbiased gluon-jet enriched sample 
without changing the kinematical properties of the jetslfl. From those two samples which have 
different quark-gluon compositions the properties of quarks and gluons can be unfolded. A 
similar method selects “Mercedes Star” events ||144|| which yields gluon jets of energy E ^ 30 
GeV. In this case both quark jets have to be identihed. 

A new analysis using all 3-jet events at the in comparison with the qq'j events has 
been performed recently by DELPHI |[I44|| which allows the comparison of gluon and quark jet 
properties over a range of energies. More information on gluon jets is obtained from the studies 
of subjet multiplicities (see subsection 4.2) and particle hows in multi-jet events (see subsection 
6.3.3). 


far as we are aware, such a procedure was first discussed in Ref. M. 
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Multiplicity ratio 

First we discuss the ratio r = Ng/Nq oi gluon and quark jet multiplicities. This ratio has been 
determined by three groups from the symmetric, Y-shaped events. The results for charged 
particles are signihcantly different from unity, 

ch 

~ 1.2 - 1.3, (3.79) 

(Ej) = 24 GeV 

see Table 2 and the open symbols in Fig. 3.18. The energy dependence of this ratio has been 
obtained from the comparison of qq'j and qqg events. Note that these results refer to different 
quark flavour compositions (“y-flavour mix”) from the above for symmetric events which refer 
to the standard flavour composition at the (“Z°-flavour mix”), and the difference is about 
0.5 units (see also Fig. 3.18). One observes a clear energy dependence of this ratio with positive 
slope ||144|| 

Ar/AE = (86 ± 29 (stat.) ± 14 (syst.)) x IQ-^GeV^ (3.80) 



Experiment 

r ± stat. ± syst. 

MC-parton 

MC-hadron 

ALEPH |141| 

1.19 ± 0.04 ± 0.002 

1.29 (J) 

1.24 (H) 

1.28 

DELPHI 144 

1.279 ± 0.021 ± 0.020 

1.4 (J) 

1.3 

OPAL 138,139 

1.25 ± 0.02 ± 0.03 

1.29 (J)W 
1.19 (H)W 

1.26 

1.21 



Table 2: Experimental results on the charged particle multiplicity ratio r = Ng/Ng obtained 
from symmetric, Y-shaped 3-jet events in comparison with Monte Carlo (MC) predictions from 
JETSET (J) and HERWIG (H) performed at parton and hadron level (data^*^ refer to 
ratio r' = {Ng — l)/{Nq — 1) > r). 


As already emphasized these results depend on the quark flavours. The charged particle 
multiplicity ratio when selecting 6-quark jets is close to unity ||145| , |141| , |144|| whereas the same 
ratio using the light (uds) quark jet sample is larger than that observed between the gluon jet 
and a normal mixture of quark jets ||145|,|144| 




ch 


Y, 


~ 1.3 - 1.4. 


(3.81) 


uds quark / = 24 GeV 


The reported results for the multiplicity ratios depend on the jet Ending algorithms, see 
e.g. ||136|,|139||. Thus, the values (|3.79|), (|3.81|) correspond to the analysis based on the k± jet 
finder H180| , |183| , |187|| . The ratio is found to be essentially independent on the Pcnt value. 


The other results on quark-gluon differences are also only modestly affected by the ycut choice. 
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Employing a cone definition |p.46|| for the jets with a cone size of R = 30° leads to a lower value 

. ch 


m 


= 1.10 which, however, becomes larger as R increases. This behaviour is expected as 
the multiplicities depend on the virtuality Q ~ ER rather than on the energy alone; it is also in 
agreement with the general perturbative expectation p3| , |147| , ^ that the memory of the colour 
charge of the parent parton weakens as the aperture of the registered cone decreases. 

Let us now discuss these results in comparison with the theoretical expectations. Asymp¬ 
totically the multiplicity of an isolated gluon initiated jet should be larger than the multiplicity 
of a quark jet by a factor r = ^ = 2.25, see subsection 3.2.1. For the energy range of interest 
here one expects r k, 2 m MLLA and r 1.8 in next-to-MLLA (see Eq. ( p.65|) ). The reader 
is reminded that this analytical result corresponds to the ratio of the mean number of parti¬ 
cles radiated from a point-like colourless gg system to that produced from a colour-singlet qq 
point source under the same circumstances. Therefore it is entirely inclusive, not requiring the 
selection of jet topology or the identihcation of jets within an event. 

The recent experimental Endings clearly confirm the anticipated differences in multiplicity 
between quark and gluon jets. The observed values in Fig. 3.18 are, however, considerably 
smaller than these analytical results. Let us recall that in 3-jet events soft hadrons cannot in 
principle be assigned to a given jet and the experimental definitions of jets normally do not 
exactly match those of theory, see e.g. [pl| , ^ , ^ , [136|| . Perturbative calculations which match 


directly the experimental conditions have been performed using the JETSET or HERWIG 
Monte Carlo at the parton level. These results are also presented in Table 2. As can be 
seen, these perturbative predictions are considerably smaller than the fully inclusive next-to- 
MLLA results, and are close to both the actual experimental findings and to the results of 
the hadronization models quoted in the table.lii We, therefore, conclude that the multiplicity 
difference of both types of jets can be largely explained by the perturbative approach. Also the 
flavour dependence of the multiplicity ratio follows the old expectations (see e.g. 


In order to bring the analytical predictions into agreement with experiment, it seems one 
has to include higher order terms in the yWJ expansion ( |3.65|) , as is done, for example, for 
the inclusive particle spectrum, and/or to take into account the influence of the nearby jets 
in the event using methods discussed in section 6. Alternatively, one may try to approach in 
the experiment the conditions which are assumed in the theoretical analysis (see below in this 
subsection). 

Particle spectra 

Besides the particle multiplicities the experimental groups have also presented detailed results 
on the inclusive distributions of fractional momenta and angles. No comparison with perturba¬ 
tive predictions has been carried out unlike the case of particle multiplicity. However, one can 
say that the differences between quark and gluon jets prove to be in a qualitative agreement 
with the perturbative expectations (see subsection 3.2.2) and it is well described quantitatively 
by the WIG’ged Monte Garlo models. In particular, one observes the following ||139| , [141| , p.44H : 


larger hadronization correction has been reported |136[ | for the final gg state. Part of this effect may 
come from using the larger ratio {Ng — l)/{Nq — 1) on the parton level. 
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(i) Being consistent with the higher multiplicity, the fragmentation function of gluon jets is 
found to be markedly softer than for quark jets; for high momenta the multiplicity in a 
gluon jet is about one order of magnitude smaller than in the quark jet; 

(ii) Studying the energy and multiplicity fractions contained in fixed angular cones around 
the jet axis one finds that gluon jets are indeed substantially less collimated than quark 
jets of equivalent energy; 

(hi) Corresponding differences have been observed in the rapidity distributions and in some 
topological observables like “jet broadness”. 


Future measurements of gluon jet properties 

To bring the experimental conditions for the studies of gluon jets closer to the theoretical ones 
the following possibilities have been proposed. 


One could sharpen the manifestation of an individual gluon jet in the 3-jet ensemble |p.47|,^ 


(see also |I^J136|| ) by studying the qqg events in which the hard gluon jet is observed in the 
hemisphere recoiling against (preferably quasi-collinear) q and g-jets. The colour structure of 
such events resembles that of the gg events produced from a point-like colour singlet source, 
see also section 6 . Since the qqg events with the identihed q and q jets in the same hemisphere 
are quite rare, this proposal requires massive statistics such as those available at the peak. 
The detailed examination in Ref. [|136|] has demonstrated the promising prospects of such a 


technique for testing the differences between quark and gluon jets in the analysis of LEP-1 
data. This would allow us to perform inclusively the experimental selection of the gluon jet 


and the value of the observed ratio 
on the level around 1.4 


= 44GeV 


obtained in this manner is expected to be 


As was pointed out in Ref. 


T^ , a prospective way of studying experimentally the gluon jet 
gg. This reaction provides a unique environment 


properties could arise from the process 77 
in which two isolated high energy gluon jets are produced in a colour singlet state (the only 
counterpart to the celebrated process e+e“ ^ gg)h3. At large angles its cross section is lower, 
approximately by an order of magnitude, than the cross section of background process 77 — qq, 
see e.g. Refs. [|151| , |152|| . This background could be substantially reduced by using the polarized 
77 facility (which is “for free” at future linear e^e“ colliders) to ensure that the colliding 
photons have the same helicities. 


Hadronization phenomena 

It is clear that there are hadronization phenomena not quantitatively accessible within the 
perturbative approach to particle production that we discuss in this review. Nevertheless, we 


^^One can often meet in the literature a statement that the properties of a gluon jet could be well studied 
at hadronic colliders by separating the contribution of the gg —> gg subprocess. This argument may be quite 
misleading since at all realistic energies the overall structure of the final state is strongly affected by the whole 
complex of interjet collective effects, see e.g. ||23,1^,1^|. In particular, the colour structure of the gg events 
does not correspond to a colour singlet. For experimental studies of gluon jets in pp collisions see e.g. Ref. |15C|. 
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mention here some further aspects of quark and gluon jets which could be important for our 
overall understanding of the phenomena. 


In the fragmentation region {xp ~ 1) some qualitative differences between quark and gluon 
jets are anticipated, see e.g. |8^J153|JI^ . In particular, one might expect glueball production 
or at least a surplus of isosinglet hadrons [rjjT ]'...) in the gluon fragmentation. 

Some important news has been reported by the L3 Collaboration ||155|| which has observed 
enhanced r] production at large Xp in gluon jets compared with quark jets. This enhancement 
increases with Xp and it is not reproduced within the existing Monte Carlo models. At the 
same time no anomaly is observed in the 7r° distribution. It could well be that the long awaited 
[PB| , |153| , P!^ specihc manifestation of the gluon jet fragmentation has been finally found. If so, 
even more spectacular discrepancies could be expected for the rj'. 

There also appears to be some problems with strangeness production (mainly K and A), 
for further details. A deficit of strange particles seems to be seen in the extreme two-jet 
annihilation. There are some other indications for the possible breakdown of jet 
One may start worrying whether these indications are related 

No doubt, this area should be 


see 


events of 

universality from HERA data. 

to the specihc properties of the hadronization of the gluon jet. 
watched closely in the future. 

the /o(975) and ao(980) mesons could play a special role in the 


As indicated in Ref. 61 


dynamics of quark conhnement, and the studying of their production in quark and gluon jets 
may allow some important phenomenological tests of Gribov’s theory HI^ . 
to measure the yield of /o production at large Xp in quark jets . 


One possibility is 


4 Particle and Jet Multiplicities 

4.1 Distribution of Particle Multiplicities 

We turn now to the more complex characteristics of the multiparticle hnal state. Let us consider 
hrst the multiplicity distribution or the moments of this distribution which are the integrals 
of the respective multiparticle correlation functions (see section 2). 


4.1.1 KNO-Scaling and its violation 


Analytical results can be obtained from the evolution equations in MLLA ( p.31D or DLA (p.36|) 


of the multiplicity generating function Z{t,u) in (|2.18|) . This yields a coupled system of equa¬ 


tions for Zg and Zg. Important features of the solutions can already be obtained in “gluody- 
namics”, i.e. when quarks are neglected. Then the MLLA evolution equation in r = ln(Q/A) 
reads 

1 

Zg{T,u) = J dx'yQ{k_i)P{x)[Zg{T + lnx,u)Zg{T + ln(l - x),u) - Zg{T,u)]Q{kl - Ql). (4.1) 
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Here ~ a^(l — x)Q and P{x) represents the glnon splitting fnnction Dne to the 

symmetry of ( ^4.1|) one can also write 

(4.2) 


P{x) = (1 — x)<h^(x) = X ^ — (1 — a;)[2 — x(l — x)] 

The dominant contribntion comes from x << 1 and one obtains the DLA equation 

C 


(lnZ4(T))' ^ ‘iT''r^(T')lZg{T') - 1], 


(4.3) 


In this limit one can derive [ 156|| a scaling property for the multiplicity moments or the proba¬ 
bilities Pn in the rescaled multiplicity n/n, the famous “KNO-scaling” ||157| , |158| 

h(r)P„(r) = f{n/n{T)) (4.4) 


independent of energy variable r. The normalized factorial moments ( p.21| ) for the gluon jet 
fulhl the recursion relation 

E 




TPil) = 

^ 2(^2 - 1 ) 


F(m) p{q-m) 
9 9 


m{q — m) 


pP = 1, 


(4.5) 


= I. For a general superposition of Nq and Ng quark and gluon jets respectively the 


c, 


-Ng + N„ or the cumulant 


J. g - J. vyx Clj CAil OU.jJV.-X j-/VyOHJlVy±J. VJX a. Y g 

generating function is rescaled according to Zg —>• with p = i 

moments (|2.20|) Cg —*• pCg, e.g. Pj^ = y. Remarkably, these normalized moments are pure 
numbers, i.e. they are infrared safe and even independent of the coupling. For large q one 
hnds ~ 2qq\/C^ where C ~ 2.5527. This corresponds with a good accuracy to the 


asymptotic KNO distribution ||15S 


P(x) = exp (-^ ln^[l -h (Px)“^]) 


(4.6) 


with B 2.04. 

The approach to this asymptotic limit is very slow, as the recoil effects play an important 
role at present energies. This has been studied analytically and numerically ||15ti| , |160|J161|| . As 
an example we show in Fig. 4.1 a comparison at LEP-1 energies of the DLA limit ([4.6|) with 
an analytical formula ||159|| obtained from the equation (|4.1|) in gluodynamics, keeping track of 
the specihc next-to-MLLA effects responsible for energy-momentum conservation, with some 
further simplihcations (a^ fixed, P(x) ~ x“^). As can be seen, the distribution at finite energies 
is much narrower. Whereas the high multiplicity tail in DLA behaves like /(x) ~ exp(—Cx), 
see Eq. ( |4.6|) , one obtains at finite energies the much faster decrease ||159|| 

/(x) ~ exp(-[Px]^), /i = (1 - 7)“^ >1, D ^ C( 27 / 7 r)'^, (4.7) 

with the anomalous dimension 7 ~ ^/al (7 ~ 0.40 at LEP-1). The experimental data confirm 
the approximate scaling behaviour in a large energy region (see, e.g. |[162|J163|| ). The broadening 
of the KNO distribution expected from the above considerations would become clearly visible 
when increasing the energy from ^/s = 90 GeV to ^/s = 2000 GeV as suggested in a 
Monte Garlo (JETSET) 0 study jig. 
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4.1.2 Multiplicity Moments in Next-to-Leading Order 


A convenient way to analyse mnltiplicity distributions is in terms of their moments (see sec¬ 
tion 2). Analytical results have been derived for the realistic cases of gluon and quark jets (and 
the application to e’''e“ collisions) by solving the coupled equations for the generating functions 
Zg, Zq in next-to-leading order For the factorial moments one hnds 

~ o“ll + (ty + (4.8) 


where the constants a^A ^-nd c^a have been calculated for various processes. For example, 


one obtains 


F 


( 2 ) 




4255 


(4.9) 


1782 

for n/ = 5. This prediction is compared to experimental data in Fig. 4.2. It is found to be 
smaller than the asymptotic result = y by ~30% but still differs from the data by ~10%. 

The scale parameter A in the coupling as(Q^) in ( |4.8|) has been adjusted to £t the rise of the 
multiplicity n in the same approximation and energy region and cannot be found to fit both 
and n at the same time 111631 . 


A good agreement with the data is hnally achieved [|^] by calculating this moment with 
the Monte Carlo method (using HERWIG at the parton level0) which fully takes into 
account the energy-momentum conservation constraints. At this level LPHD is verified for the 
normalized moments. 

These moments have another interesting property (at least up to order g = 4): they obey 
approximately the recursion relation 


F(''+i) = F(5)(1 + -), fW = 1 , 
k 


(4.10) 


characteristic for the phenomenologically successful negative binomial distribution with param¬ 
eter k. 


This distribution - originally derived for a gluon jet as a coherent superposition of q Bose- 
Einstein sources ||165|| - hts reasonably well the multiplicity distribution in full phase space and 
also in restricted rapidity intervals of various processes. Recently the more precise measure¬ 
ments at LEP-1 and SLD ||166| , |167| , |168| , p.69|| have shown a small shoulder in the multiplicity 
distribution in deviation from the simple negative binomial distribution which will be discussed 
further below. 


^®For the perturbative cascade without the nonperturbative g qq splitting at the end and with parameters 
A = O.lSGeF, mq=mg = 0.32 GeV. 
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4.1.3 Multiplicity Moments in Rapidity Windows 


The comparison of multiplicity distributions of partons and hadrons for different central rapidity 
intervals from the JETSET Monte Carlo |Q has revealed an interesting regularity |6^ , |63[| . 
Good hts have been obtained with the negative binomial distributions for the multiplicities of 
both partons and hadrons. The parameters n and k obtained at parton and hadron level are 
connected by the formulae: 

kh ^ kp, fih = pUp, p^2 (4.11) 

The hrst relation also implies {F^‘^^)p ^ because of ([4.10|) , consistent with the conclusions 

from Fig. 4.2, but now it is also valid in restricted rapidity intervals Ay. The results (|4.11|) can 
be obtained if one assumes in rapidity space Dl^\yi ,..., j/„) = p'^D^^yi ,..., ?/„) (“generalized 
local parton hadron duality” [§^). We note that k or are infrared safe quantities but h in 
(|4.11|) is not and the factor p depends on the cut-off Qq. 


4.1.4 Oscillating Cumulant Moments 


New insights into the correlations of higher order have emerged from the recent studies of the 
generating function evolution equations in which the contributions beyond MLLA are taken 


into account [159,91]. The importance of going beyond this approximation of [87] originates 


from the observation that the relevant expansion parameter is not the anomalous dimension 
7o ~ yWI itself but the combination gqo. Therefore, at hnite energies higher order terms ((jqo)"' 
are not necessarily small and their role has to be investigated properly. 

The main consequences for the multiplicity moments is that these higher order terms gen¬ 
erate negative cumulant moments with a minimum in the ratio in 






(4.12) 


followed by oscillations |p2| , p0| , whereas the factorial moments are rising rather smoothly 
with g, see also the review ||170|| . Such oscillations are actually found in the data ||171| , |169| 
although with smaller amplitude than predicted by the QCD calculations. 

The main qualitative features of these results can be understood in gluodynamics starting 
from the evolution equation (|4.1|) |]^ . One replaces in the nonsingular parts of the integrand 
in this equation Z{t + a) by Z{t) + aZ'^r) and neglects terms ~ (In Z)'Z' of yet higher order. 
Then one arrives at the equation 


(InZ)" = -il{Z -I- 2hiZ' + h2Z'') 


(4.13) 


with the derivatives with respect to r and hi = 11/24 = b/8Nc, ^2 = (67 — 67r^)/36 ~ 0.216. 
The g-fold differentiation with respect to the second variable u (c.f. Eqs. ( |2.19| ), (|2.2U| )) yields 
an equation between a cumulant moment on the l.h.s. and factorial moments on the r.h.s. of 
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(|4.13|) . With the KNO ansatz and and introdncing the anomalons 

dimension 7 according to 

n(r) = exp [ d^'yiO (4.14) 


one 


obtains for in (|4.12|) 


^{g) ^ 7o[l - 2hig7 + h2(g^7^ + Ql')] 

q2j2 _|_ qr^i 


(4.16) 


From this eqnation for g = 1 an expansion of 7 in powers of 70 can be fonnd. The resnlt 
(|4.15|) clearly shows the leading dependence of the higher moments on qj ^ gjo (whereas 
qj' ~ qhi'jQ Q7o)- One obtains again the DLA resnlt ~ q~‘^ - eqnivalent to relation 
(|4.5|) - for 7 ^ Ri 7 g —> 0. The MLLA resnlts are fonnd for ^2 = 0, if only terms of relative 
order 70 are kept; this yields < 0 for larger q. With all terms inclnded one hnds for large q 


77(9) = /^ 27 o + ^[1 - (2g - l)hi 7 o - g(hi 7 o)^], 


(4.16) 


which develops a minimnm with 

Qmin — 

[(q) 


hilo 


1 
2 

, 26 . 2 


= (*2 - h‘ih^ + 0(7*) « 1.4 X 10-^ 


(4.17) 


and reaches = ^270 ~ 0.05 for large q (using 70 ~ 0.48). The ratio is of the order 
10“^ - 10“^ for q changing from 3 to 10. A calculation which takes into account the difference 


between quark and gluon jets has been performed as well ||172|| in the same linear approximation 
for Z{t + a). One hnds results qualitatively similar to (|4.16|) but with shifted to a larger 
value qmin ~ 7 - 8 . 

If Z{t + a) is expanded to higher orders one obtains a sequence of oscillations of 


in the order g. The coupled equation for Zg and Zg can actually be solved exactly in the high 
energy KNO approximation if as is kept constant 
structure. 


Q. Then one hnds again an oscillatory 


4.1.5 Experimental Evidence for Oscillations 


An analysis of existing experimental multiplicity distributions ||171|| shows the predicted trend 
of the data. In a dedicated study of moments up to g ~ 16 the SLD collaboration ||169| 
concludes that the steep decrease of for g ^ 5, the negative minimum at g ~ 5 and the 
quasi-oscillation around zero for g > 8 are well established features of the data, see Fig. 4.3. 
Whereas these qualitative features follow the QCD predictions, the actual size of the 77^®^ 
moments as computed in ||172|| for the e'''e“ reaction is more than an order of magnitude larger 
than that measured in ||169||. This discrepancy could be due either to the limited accuracy of 


the theoretical calculation or to the inhuence of hadronization ehects. 
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Also the effective cut-off of high multiplicities may induce an oscillatory behaviour [p.73 


although with smaller amplitude and not just as observed ||169 


In another approach ||174|| the oscillations of the cumulant moments are related to the 
shoulder observed in an intermediate multiplicity range [p.66|J167| , |168|| . This shoulder has been 
explained by the DELPHI Collaboration |p.75|] as the result of superposition of multiplicity 
distributions coming from events with 2, 3 and 4 jets, corresponding to a certain jet resolution 
criterion ycnt- The multiplicity distributions for each class of events are well reproduced by 
negative binomial distributions. A superposition of two such distributions with the known 
fractions of 2 and > 3 jet events can reproduce | 174 | both the full phase space multiplicity 
distribution and the moments. This would imply that the oscillations in the cumulant 
moments come from large angle hard gluon emissions. A correct description of such processes 
also requires contributions of NLO terms and, therefore,both effects, the shoulder and the 
oscillating moments could have the same QCD origin. 


In any case, it is interesting that the simple consequence of such a peculiar higher order 
QCD effect has actually been observed. It remains to be seen whether more complete ana¬ 
lytical calculations can provide also a quantitative description of the observed multiparticle 
phenomena. 


4.2 Jet Multiplicities 

By studying the multiparticle final state with variable resolution one can learn about the earlier 
stages of the jet evolution. Looking at an e’''e“ event with low resolution one observes only a 
few objects (jets). The rate and the distributions of these jets can be calculated from the first 
terms of the perturbative expansion in absolute normalization. The resolution parameter(s) 
can be introduced in such a way that the perturbative results are collinear and infrared safe. 
These results are then directly compared with the experimental data at the same resolution. 
In this application it is implicitly assumed that the hadronization process does not change the 
perturbative result. 

If the resolution is increased, more and more jets are resolved, until finally all individual 
hadrons are distinguished. In this case it is not sufficient to consider the first terms of the 
perturbative expansion but a resummation of the full series is required to obtain reliable results. 
Several resolution criteria and jet finding algorithms have been applied but the perturbative 
resummation has not been achieved in all cases. If the transverse momentum separation between 
the two jets is taken as the resolution measure (fc^/Durham algorithm, see below), then there is 
a matching with the parton cascade results discussed in the previous section in the limit of small 
transverse momentum separation Qq ~ 250 MeV. It is an interesting question, of down to which 
resolution scale the perturbative predictions agree with the experimental data at the inclusive 
or exclusive level. As discussed in section 2.3, in the limit when all hadrons are resolved, the 
parton hadron duality can only be expected for the sufficiently inclusive quantities. Also in 
this limit the overall normalization of jet (hadron) rates is treated as an adjustable parameter. 
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Therefore, the studies of jet rates at variable resolution may provide us with further information 
about the transition from the perturbative to the non-perturbative region. Of special interest 
here are the differences between quark and gluon jets and the role of the soft gluon coherence 
in the hnal state. 


4.2.1 Resolution criteria and jet algorithms 


Finite results for the exclusive hnal states are obtained in perturbation theory by introducing 
an appropriate resolution criterion. Then the cross section for all hnal states which are indis¬ 
tinguishable according to this criterion are hnite. This result was hrst derived in QED and is 
expressed by the Kinoshita-Lee-Nauenberg theorem [p.76|| but it applies also for QCD (for 
a review, see m)- Several resolution criteria have been considered: 

(a) energy-angle (e, 5) cutoh 


Two partons (jets) with fractional energies Xi and relative angles Qki are counted as distin¬ 
guishable objects if the following conditions are fulhlled 


Xk> e, xi> e 


and 


©fci > ^ 


(4.18) 


for given resolution parameters £ and 6. In case of e+e“ —qqg the conhgurations satisfying 
(|4.18|) correspond to 3-jet events; since the soft and collinear singularities are excluded the 
cross section is hnite. In the opposite case the singularities in the qqg hnal states cancel 
against the singularities from the virtual corrections to the qq hnal state and the rate for these 
indistinguishable conhgurations is hnite as well. 

(b) invariant mass cut-oh (“JADE-algorithm” ||178|| ). 


In this case both collinear and soft divergencies are avoided by a single cut-oh 

Vki = Mh/s > yc 


(4.19) 


where Mh and s are the invariant mass squared of two partons and of the full event respectively. 
This resolution criterion has been applied to the detailed computation of jet rates in e’''e“ 
annihilation in 0{al) ||179|| . 

(c) relative transverse momentum kT-cntoS (“Durham-algorithm” 0 MJT83IP1 ). 

In this case two particles (jets) of energies Ek, Ei and relative angle Qki are distinguished if 


2 /fc) = 2 (1 - cos0fc/) min(E^,Ef)/s > y^. 


(4.20) 


For each resolution criterion a jet hnding algorithm can be dehned by an iterative procedure. 
For every pair of particles one computes the corresponding distance yki dehned by the resolution 
criterion (restricting here to the case of a single resolution parameter). If the smallest distance 


19 


This algorithm was discussed within the framework of analytical calculations at the Durham Workshop 


180| . The very idea of kr clustering has been already applied since the early eighties, see e.g. [|181 |. 
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obtained in this way is smaller than the resolntion parameter i/c the two particles are combined 
into a single jet according to a recombination scheme. In the simplest prescription (E-scheme) 
the 4-momenta of jets are added; alternatively, one may reqnire that either the momenta or the 
energies are rescaled in snch a way that massless jets are obtained. This procednre is repeated 
nntil all pairs satisfy yki > Uc- The remaining objects are the jets at resolntion yc- 

In this way one can stndy the conhgnrations of variable resolntion between the two extreme 
limits, the jet limit for j/c —> 1 where the mnltiplicity of resolved objects approaches its minimal 
valne {N = 2 in e+e“ annihilation) and the particle limit |/c —>■ 0 where the jet hnal states 
coincide with the particle hnal states. 


Whereas all cnt-off procednres yield hnite resnlts for the mnlti-jet rates there are some 
nntages of nsing the kx algorithm. In this case a snmmation of the leading a” In^" yc and 

2n-l 


In 


next-to-leading a 
possible which is important for small valnes of the parameters y, 


yc terms of the pertnrbative expansion into an exponential form is 

T^ , p:83|, |l84| ,|l85i|l8^ , |m 


Another interesting featnre of the kx algorithm is the small size of “hadronization corrections” 
which are obtained from the most popnlar parton shower Monte Carlo’s [ 184|| . In the following 
we discnss some resnlts nsing this algorithm with special attention to the high resolntion limit. 


4.2.2 Average Jet Multiplicity 


For low resolntion (large parameter yc ~ 0{1)) one can derive the jet rates = CTk-jets/<^tot 
and the average mnltiplicity N = T^kRk from the exact matrix element calcnlations ||188|| . In 
e’''e“ annihilation the jet rates have been calcnlated for the fc-p-algorithm ||184|| in two loop order 
and the resnlt has the general form 


^iVcQ) — 2 + 


(h) 


^{yc) + 


(h) 


[B{yc) + ‘^C{yc) 


2n J ' \ 2n 

- {2 + b\n{Q/y))A{yc)] + 0{al 


(4.21) 


where y is the renormalization scale. In this approximation for large yc there is no strong 
dependence on y and one sets conveniently y = Q = a/s. As can be seen from ( [4.21|) the 
Q-dependence enters only throngh the rnnning conpling constant and for hxed conpling the jet 
mnltiplicity wonld depend only on yc. The coefficient fnnctions inclnde the expected logarithmic 
terms with powers of L = ln(l/?/c) which dominate for small yc] one hnds for the leading terms 
np to 0{al) ||183| , |185|| 


N = 


2 + Cf^ [L^ - 3L + 0{l)] 

I'K 


c. 


c. 


0^5 


27r/ 


' '/Afon + jAfc - n/)i’ + O(L^) 
3 r 1 


(4.22) 


- -Ncn, + -Ccn, ) + 0(L‘) 
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At small He the double log terms a^L‘^"' dominate and with decreasing i/c the full perturbative 
series has to be summed. The double log terms in (|4.22| ) just correspond to the expansion of 


TV = 2 + 2 ^ [cosh JasNcLy27i - 1]; 
l\c 


(4.23) 


this corresponds to the DLA result for fixed as which follows from the master equation 


(|2.36|) for the multiplicity generating functions ZA{p,Q,Ua) with constant ua, see also section 

3.1. 

The result in the next-to-leading accuracy (summing also the terms can be ob¬ 

tained by solving the corresponding MLLA master equation ( 2.31 ). To this end one simplihes 
the r.h.s. of ( |2.31|) and keeps only 0{y/c^) and 0{as) contributions [p7| , |183|JT85|J187|| . Note 
that within the required accuracy one can replace Za{{ 1 — z)p,Q) by Z^(p, 0); furthermore, 
one separates the singular 1/z parts in the splitting functions from the regular parts and then 
neglects the 2 ;-dependence in the arguments of Za and as of the regular 2 ;-integrals. This yields 
the modihed master equation for Za within the MLLA accuracy. The equations for jet mul¬ 
tiplicities in single quark and gluon jets at resolution Qq and jet virtuality Q are obtained by 
differentiating Za over ua 


N,{Q,Qo) = 1+ / dqT,{Q,q) Ng{q,Qo) 

JQo 

Ng{Q,Qo) = 1+ dq[T,{Q,q) Ng{q,Qo) 

^ Qf) 


Tf{Q,q) {2N,{q,Qo) - N,{q,Qo))] 


(4.24) 


where the initial condition ( p.3|) has been used (at threshold, i.e. at Q = Qo or Pc = I, there is 
only one particle in the jet). For the single jet the virtuality of the jet is taken as Q ~ p0 or 
as in (|2.26|) (see, for example, ||187|| ). The emission probabilities T* in ( [4.24| ) are given within 
MLLA accuracy by 


r,(Q,g) = 


<^^70(9) 



r,(Q,g) = 



r/(?) = 


nfTn-f^jq) 

3Ncq 


(4.25) 


The equations ( [1.24|) can be solved in terms of Bessel functions ||185|| and the leading high 
energy contribution comes from a term as given in (|3.55|) . 

In this approximation the proper limits of the 2 ;-integration have been replaced by (0,1) 
which is consistent with the MLLA accuracy at small pc- At j/c ~ 1, on the other hand, this 
approximation leads to unphysical results with N < 1. This dehciency can be avoided using the 
improved master equation |187|| in which the proper integration limits are restored. Another 


20 


The coupling is kept fixed at a given Q in this calculation if the resolution is varied. 
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type of improvement of the perturbative expansion can be achieved by matching the result with 
the matrix element calculations ( [4.21| ) including the nonleading terms up to 0{al). 

Experimental results on jet multiplicities N in e+e“ annihilation have been presented by 
L3 ||189|| and OPAL ||190|| . A comparison of the L3 data on A^ — 2 with the next-to-leading 


order QCD prediction, improved by the matching with the exact matrix element results, is 
shown in Fig. 4.4. The data on this quantity had been corrected for “hadronization effects” 
as suggested by hadronization models by an amount found to be less than 5%. A very good 
agreement of the perturbative prediction with the experimental data can be seen both in shape 
and normalization for yc > 10“^ (corresponding to Qq > 2.8 GeV) after adjusting the only 
parameter as{Mz). For yet smaller yc the data would rise above the analytical predictions. 
The DLA result ( |4.23|) on A^ — 2 is still larger by a factor of 2 at |/c ~ 0.1 in comparison to the 
prediction in Fig. 4.4 but both theoretical results approach each other for larger multiplicities 
at smaller yc. 


4.2.3 Exclusive jet cross sections 

The same MLLA master equation for the generating functional can be used to derive exclusive 
jet cross sections by differentiation over the probing function u at u = 0. In the simplest case 
of the exclusive channel (A^ = 1) one obtains the Sudakov form factor for quark and gluon jets 


Fc = 


Fc = 


rQ 


exp 


exp 


dq Tq{Q,q)j 

-fdii[r,{Q,q) + rx?)] 


'Qo 

rQ 


(4.26) 


with the parton emission densities given by ( |4.25|) . These form factors describe the probability 
for no emission between the scales Q and Qo, so at resolution Qq there is no other parton 
resolved than the original one. Explicit expressions in improved MLLA are presented in ||187 


The jet rates of higher order can then be calculated iteratively and are given as nested 
integrals. The exclusive jet rates of the lowest order in e’''e“ annihilation are given within the 
MLLA by ||183|| (for improved MLLA, see ||187|| ) 


R2 
Rs 

Ra = 


= F,{Qf 

= 2F,{Qf dqV,{Q,q)Fg{q) 
JQo 

= 2F^{Qf[(^J%qT^{Q,q)Fg{q) 


(4.27) 

(4.28) 


dqT,{Q, q)F,{q) [' dg'{r,(g, q’)Fg{q') + Tj{q')Ff{q')}] (4.29) 

'Qo •'Qo 


with Ff = F^/Fg. Whereas the form factors or jet rates R 2 are falling off exponentially with 
increasing resolution Q the jet rates of higher order Rn hrst rise from zero at Q = Qo and after 
























reaching a maximum fall off like products of the Sudakov form factors Rn ~ for a 

hnal state with Ug gluons and Uq + riq quarks and antiquarks ||187| . 

It would be interesting to study experimentally these jet rates down to small i/c- In the 
transition region to the hnal hadronic states (small j/c) one can investigate the possible deviation 
from the perturbative predictions due to hadronization effects. An instructive example has been 
presented ||191|| for the 2-jet and 3-jet rates in e^e“ annihilation where large differences appear 


between parton and hadron level results as obtained from the HERWIG Monte Carlo |32 


4.2.4 Subjet Multiplicities 

The study of jet rates can be carried further by considering the subjet structure of multijet 
events or of individual resolved jets ||186|| . This allows one to study the differences of quark 
and gluon jets at variable resolution. To this end, in a process with the primary hardness Q, 
one hrst combines the hadrons to clusters corresponding to the resolution uq = Ql/Q^, also 
called subjets, and then combines these clusters to jets at the resolution scale yi = Ql/Q^ with 
yi > yo- In this way one can dehne for e'''e“ annihilation the average number of subjets M 2 {yo, 
yi) and M^i^yo, yi) in 2- and 3-jet events respectively. 

The subjet rates can be calculated perturbatively for Qq ^ A in absolute normalization, and 
in this way a new information on the difference between quark and gluon jets can be obtained. 
In the limit Qo ~ the subjets correspond to the hnal state hadrons and we may perform 
comparison to the results in section 3. 

Naively one would expect that the ratio of subjet multiplicities in 3-jet and 2-jet events 
approach 

-L 17 

(4.30) 


M2 


2Cp -\- Nq 17 


2Cf 


according to the ratio Cp/Nc of subjet multiplicities in quark and gluon jets. The actual 
calculation, however, in the region of parameters relevant today yields much smaller values of 
less than 1.5 as a consequence of the destructive soft gluon interferences. 

The theoretical analysis of e+e“ annihilation ||186|| proceeds in analogy to the previous 
case of jet multiplicities. One can derive from the exact matrix element calculations ||188|| the 
perturbative results of order as for the subjet rates in terms of the logarithms Lq = ln(l/j/o) and 
Li = ln(l/i/i) in the next-to-leading order ||18(j| 


i.e. including double and single logarithmic 


terms in each order in 

Ma = 2 

Ms = 3 


+ (^^'^Cp{Lo-L,){Lo + L,-3) 

+ ^ (^) {Lo - L,)[2Cp{Lo + Li - 3) 

/ 1 14 \ 2 

+ Nc[Lo--P-j) + -N,]. 


(4.31) 


(4.32) 
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The ratio M 3 /M 2 with increasing subjet resolution Lq hrst decreases from the limiting value 
3/2 at Lq = Li because of the additional contributions in M 3 from the gluon jet, before it rises 
towards the asymptotic limit ( [4.3CI|) for Lq > Li. 


These calculations can be generalized to all orders in a* using the generating functional 
technique for two scales Qq and Qi. The results from the next-to-leading calculation can be 
written ||186 


M2{Q, Qi, Qq) 
Qi, Qo) 


2N,(Q,Qo) + 2C^ln(Q/Q,)ff(Qi,Qo) (4.33) 

M2(Q, Qi, Qq) + Ng{Q,, Qq) + Nc<v>a H{Qi, Qq). (4.34) 


The subjet multiplicities Mj obtain the contributions from the intrinsic subjet multiplicities 
2Nq and Ng at scale Qi as expected; in addition, there are the contributions from the interjet 
production of gluons at angles larger than the typical opening angle of the jet of virtuality Qi 
but with energy small enough not to be resolved as a new jet. The additional term in (|4.33|) 
for M 2 can be interpreted as the multiplicity of such interjet gluons within the rapidity range 
21 n(Q/Qi) with density CpH{Qi,Qq) where 


o pQi c]n 

H{Q,,Qq) = - -la^(q)Ng{q,QQ). (4.35) 

TT Jqo q 

The last term in ( [4.34| ) for M 3 corresponds to the emission of gluons with density NcH{Qi, Qq) 
into the interjet rapidity interval of the gluon jet of length 

/qi dqTq{Q, q)Fg{Qi, q) \n{q/Qi) 


If the subjet scale uq is decreased from threshold fjQ = yi ^ 1 more subjets are resolved in 
the quark jets where the interjet rapidity range is rising with total energy Q like hi{Q/Qi) in 
comparison to the gluon jet whose rapidity interval for hxed Qi does not increase with Q. This 
reduced gluon production from the gluon jet is a consequence of the angular ordering which 
forbids emissions at angles larger than the production angle of the gluon jet itself. This effect 
of soft gluon coherence leads to the suppression of M 3 /M 2 < 1.5 for scales yo <yi. 
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These analytical results have been compared with experimental data from L3 ||192|| , OPAL 
and AMY [p.94|| collaborations. In Fig. 4.5 we show the average subjet multiplicities 
M 2 — 2 and M 3 — 3 as measured by OPAL in comparison to the theoretical predictions. The 
calculation of order as in (|4.31|) and (|4.32|) is close to the data only near threshold for 
2 X 10“^ < yQ < yi = 10“^. The all order as, next-to-leading order (Inj/oq) results (|4.33|) , 
( |4.34|) follow the data well in the region considered with yQ > 10“^ within 10-20%. Again the 
theoretical predictions are given in absolute normalization and depend only on the scale A, 
chosen here to be A = 0.35 GeV. The ratio M 3 /M 2 follows the prediction to decrease initially 
for decreasing yQ as expected from the colour coherence and then to increase towards the 
asymptotic value of 17/8 for |/o -C |/i. 
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The measured ratio (M 3 — 3)/{M 2 — 2) is found to follow the predictions rather well down 
to 1/0 ~ 4 X 10“^. At this value of yo the data indicate a sudden change of slope whereas the 
theoretical prediction behaves smoothly. This discrepancy around the observed kink in the 
data has been interpreted as a possible sign of the onset of hadronization corresponding to 
the scale Qo ~1.6 GeV [p.93|J194|| . One should observe, however, that the discrepancy between 
theory and data in the unnormalized quantities starts already before, around ?/o ~ 2 x 10 “^ 
or Qo 4 GeV (see Fig. 4.5) which is a bit large for a hadronization effect and this moderate 
discrepancy could be within the accuracy of the calculation. In any case, it would be interesting 
to investigate in more detail the origin of the kink in the data. 

Another interesting result with 3-jet events has been presented by the ALEPH collaboration 
They identihed the gluon jet by tagging the heavy quarks in two other jets. Studying 


142 


the ratio r' =< — 1 > / < Ag — 1 > of subjet multiplicities minus one in quark and gluon 

jets (see Fig. 4.6) they hnd that with decreasing yo this ratio hrst rises towards a maximum of 


= 1.96 ±0.15 (ALEPH) (4.37) 

at 1/0 ~ 2 X 10“^ and then approaches the lower value r' = 1.29 ± 0.03 for yo ~ 1.6 x 10“®. 

This result shows that there is indeed the large difference between quark and gluon jet 
multiplicities close to the expected asymptotic ratio of 9/4 at intermediate or low resolution 
yo < |/i0. For small yo ~ 10“^ on the other hand the experimental ratio r' approaches the value 
obtained for hadrons as expected. Such small value of r' was found to be in a rough agreement 
with the Monte Garlo predictions at the parton level (see table 2 in section 3)S 


In the analytical description of these measurements ||195|| one has to take proper care of the 
dehnition of quark and gluon jets in the experimental analysis. The result of a next-to-leading 
calculation describes well the region around the maximum of r' but does not reproduce the 
smaller values of r' at small scales yo- It would be clearly desirable to arrive at a common 
understanding of the analytical and Monte Garlo results in the small yo region. 


We conclude that the results on jets and subjets are generally in a very good agreement with 
perturbative predictions for sufficiently large scales Qo both for the shape and for the absolute 
normalization by adjusting only one free parameter, namely the QGD scale A. In particular, 
the large differences between quark and gluon jets and the influence of colour coherence are 
demonstrated. So far no detailed comparison of the predictions on exclusive jet rates have 
become available. There is a tendency of the data to disagree with perturbative predictions at 
scales Qo ^ 2 GeV. This is an interesting problem which deserves further study. In the moment 
it is not clear whether such discrepancies are the hrst signs of non-perturbative hadronization 
effects or merely a consequence of the limitation in the accuracy of the theoretical calculations. 


yi has been related |142| to the different energies of quark and gluon jets in the 3-jet 


^^The drop for yo 
sample cons idered. 

^^In [1^1 the result of a parton level calculation is quoted with r' ~ 1.6 rather than the measured r' = 1.29. 
Here the discrepancy is also clearly visible in the unnormalized multiplicities Aj_g — 1: the multiplicities of the 
partons tend to saturate below a resolution of yo ^ 10“"^, earlier than the multiplicities of the hadrons. This is 
expected because of the larger parton mass around 1 GeV used in the Monte Carlo. 
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5 Particle Correlations inside Jets 


5.1 Momentum Correlations 


The normalized correlation function is defined by 

<pN/diidi2 


^ 2 (^ 1 , 6 ) = 


{dN/dii){dN/di2) 


(5.1) 


where again the variables = \ti{E/ uii) are used with E and uji denoting the jet and parton 
energies (momenta) respectively. The QCD prediction for the leading contribution at high 
energies to this correlation has been derived in the DLA as 


fl2Kl,6) = l + ^ 


1 H— sinh^ 
3 


V(Ci,h) -h(C2,h)' 


-1 


(5.2) 


which depends only on the scaling variables Q = Hi/Y and rj = \/Y with Ui = ln(a;j/(5o) = 
Y—^i and also on the constant r which for the process e''“e“ —> qq is given by r = Cp/Nc = 4/9. 
The function /i(C 5 h) is determined implicitly through the equations 


2C-1 


sinh V 


(sinh(2/i) — 2/i) — (sinh(2i/) — 2z/) 
2 (sinh^ /i — sinh^ v) 

sinh fi 

V^l + 1 /') 


(5.3) 


For high energies F 3> A the correlation function ( |5.2| ) depends only on the scaling variables 
Q and peaks for equal momenta (Ci = ^ 2 ). At the maximum it coincides with the second 
multiplicity moment E^‘^'> = 1 + l/6r from (|4.5|). 


Next-to-leading order corrections of relative order ^/cTs have been obtained for the kinematic 
region around the maximum correlation keeping only linear and quadratic terms in the variables 

6 El 


or 2r \ r 


216r 


A-B 


6 + 6 


(-) 


A = 44 -|- 9f -|- brt — 30r^f, B = 3(11 + t + rt — 6r^t). 


(5.5) 


Here the expansion variable is chosen as r = ln(ii^/A), with t ^ Y for high energies, also 
t = nf/2Nc and b from ( p.l|) . The dependence on momenta again comes only through the 
rescaled variables ^i/r ~ ! — (/*. The leading terms at high energies depend only on the 
difference (6 — C 2 Y and coincide at this order with Eq. (|5.2|) of the DLA (for -C 1, i/ /i). 
The second, next-to-leading order, term depends not only on the difference but also on the 
absolute size of the The range of these partonic correlations is large, with r of order 

ln(Q/A), whereas the hadronic correlations, say from resonance decays, are expected to be 
much smaller, of order ln{Mh/A) -C r. 
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Experimental data on the correlation R 2 have been presented by the OPAL Collaboration 
for different bands in the (^ 1 ,^ 2 ) space. In Fig. 5.1 we show two examples exhibiting the 
dependence of the correlation R 2 on ^1 — ^2 and ^1 + ^ 2 - Also shown are the predictions from 
Eq. (^.4j) for different values of the scale parameter A and the leading order DLA contribution. 
The approximately linear and quadratic dependences are well reproduced for the parameter 
A ~ 250 MeV which hts best the single particle spectra. The normalization is off by an amount 
of the order of the neglected next-to-next-to-leading terms ||197||, as one might expect. 


In order to see whether this discrepancy is really due to the neglect of the higher order 
terms one may compare it to a Monte Carlo calculation at the parton level which includes the 
most important nonleading corrections. In Fig. 5.2 we show for ^1 = ^2 as a function 

of the rescaled variable (where ^ and is the ^ value at the peak, so ~ 2() at 
the parton and hadron level as obtained from the HERWIG Monte Carlo at two different 


primary quark energies HIT 


Contrary to the case of the global multiplicity moment the discrepancy between the 
parton model prediction and the experimental data (which in turn agree with the hadron level 
Monte Carlo) remains. Apparently LPHD is not realized here quantitatively, however, with 
increasing energy both distributions approach each other. This may be related to the fact that 
the momentum spectra and correlations are in general dependent on the cut-off Qo as can be 
seen from Eqs. (|5.2|) ,( ^73|) involving Y ^ ln(F/(5o) and y = ln(a;/Qo), and this is different from 
the global moments which are infrared safe. 


So far only the central region around ^ has been studied experimentally. For small ^ 
(large x) the Monte Carlo calculation predicts an anticorrelation with F 2 < 1 (see Fig. 5.2). 
This nonleading effect is a consequence of energy-momentum conservation, as two particles 
cannot have large x at the same time. Asymptotically, one expects F 2 > 1 from Eq. (|5.2| ) and 
for = ^2 the approach to the constant R 2 = 1 + l/6r, i.e. R 2 = 11/8 ~ 1.375 for —>• qq. 

Indeed, the Monte Carlo data on R 2 in Fig. 5.2 show a rise at small ^ for increasing energy ^/s, 
but the approach to the asymptotic limit is very slow. On the other hand, for the very soft 
particles with large the correlation R 2 comes much closer to the asymptotic value 11/8. 
This agrees with the expectation that very soft particles are not much influenced by the energy 
conservation constraints. It will be interesting to test this prediction experimentally. 


We conclude that the dominant nonleading effects of momentum correlations are generated 
by energy conservation constraints. The role of colour coherence in these correlations has also 
been investigated [p.96|| . From the comparison of QCD based hadronization models with and 


without colour coherence included no important effect could be established. 


5.2 Azimuthal Angle Correlations 

Angular correlations promise a higher sensitivity to colour coherence and to the predicted angu¬ 
lar ordering of subsequent partons in the cascade. We consider first the azimuthal correlation. 
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especially those between two gluons emitted from a qq pair in annihilation [ 19 ^ , 19 ^]- This 
problem is closely related to the classic string/drag effect to be discussed in section 6.2 which 
concerns the soft gluon emission from a hard qqg system. The production of the soft gluon 
opposite to the hard gluon is suppressed because of a negative interference effect. In the limit 
in which the hard gluon becomes soft as well, we expect the same kind of suppression for two 
gluons in a hard qq event emitted in opposite directions, i.e. with the azimuthal difference 
A(p = 7 r ||198 . 


5.2.1 The Energy-Multiplicity-Multiplicity Correlation in Leading Order 

The distribution of two gluons in the process —>• g(l) g( 2 ) g{ 3 ) g{ 4 :) in directions is 

obtained by adding another gluon to the 1 -gluon emission process || 198 || , cf. Eq. ( | 6 . 1 |) . 




oc 
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( 5 . 6 ) 


with Ojj = 1 


Hifij = 1 — cos'djj. We are interested here again in the normalized correlation 


I?‘'^(n3,fi4) = 


d^^m^/dVtH^dVt. 


724 


which is obtained using (| 5 . 6 |) and (| 6 . 1 |) as 


W\n^,n^) = l + 


(dN/dn^,) (dN/dn^,) 


Nc f fll3®24 + Q14®23 


(5.7) 


2 C, 


012034 


(5.8) 


In the soft gluon limit the quark and antiquark will be anti-collinear and we may introduce the 
gluon pseudorapidities 173,174 and azimuthal angles (^3,(^4 with respect to the quark direction 
f?! ~ —fi2 and one obtains for Eq. (b.8|) simply 


C'^'^(h34, 9^34) — 1 + 


Nc 


cos 9334 


2 Cf cosh 1734 — cos </934 


(5.9) 


This quantity depends only on the rapidity and angle differences 1734 = 173 — 174 and = 
Lp2, — Pa- Note that this result is infrared stable, i.e. it is independent of the cut-off Qq^ and 
also independent of the primary energy E. For back-to-back gluons with (^34 = vr there is a 
destructive interference with 


tt) = 


Nl-2 


7 


, r, , = — ~ 0 . 44 . 
2{Ni - 1) 16 


(5.10) 


This value of the correlation function - depending only on the number of colours - has been 
found also in the analysis of the string effect, see below Eq. (|6.6|) . On the other hand for 
orthogonal gluon directions one hnds C"^^(0,7r/2) = 1, i.e. there is no correlation. 

A convenient way to measure this correlation is through the Energy-Multiplicity-Multiplicity 
Correlation (EM^C) [[I 98 |j 23 |] . This avoids the selection of 2 -jet events and the dehnition of a 
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jet axis. Each particle i of the event dehnes in turn an axis with respect to which rjj and for 
any pair of particles are dehned. Each correlation as in ( ^.7^ is then weighted by the energy Ei 
of the selected particle. 

The azimuthal correlation is then dehned as 


C{^) = 


where 
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Ce = — I dEjE, 

CEM{j]mini f]max) 


CEMMijlmim Vmaxy 7 ^) ' Ce 
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— / dEiEi dEj 
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Vmi' 
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r2iT 
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dmdrjk 


' Vmv 


dipjdipkS{ip - (fj + ifk) 


da 


dEidEj dEk drjj drjkd^pjd^pk 


(5.11) 


(5.12) 

(5.13) 


(5.14) 


In order to obtain the distribution of soft gluons from the qqgg-antenna one has to replace 
the gluons 3 and 4 by their associated parton cascades. This can be achieved by multiplying 
the unnormalized correlations Cem and Cemm by a cascading factor A7(ln(E)) for each gluon 
where Ng{hi{E)) is the mean multiplicity in the gluon jet, see subsection 5.2.2. For normalized 
correlations these factors cancel and at leading order (DLA) the EM^C is given by the corre¬ 
sponding primary parton correlation (^.9|) . Therefore for a sufficiently narrow rapidity interval 

\j]min^ 'qmax\ 

(5.15) 


This is an important result ||198 ] which relates the energy correlation to the underlying antenna 
pattern. It supports the idea that the particle whose energy is used as the weight effectively 
determines the jet direction. 


5.2.2 Predictions in Next-to-Leading Order and Monte Carlo Results 


The NLO corrections of 0(YTf7) [|199|| to these results take into account not only the overes¬ 
timation of parton cascading in the DLA known already from the inclusive energy spectra. It 
also accounts for the influence of the hard matrix elements at large angles and the screening 
of the singularity of small relative angles from intermediate partonic processes. In what 
follows we will describe the main consequences of these corrections. 
i) Corrections to the multiplicity flows 

As already mentioned above the perturbative corrections to the hard gluon emission are pro¬ 
vided by the cascading factors. They take into account that the triggered gluon is a part of a 
jet. For the 1-particle flow from a hard parton one obtains 
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dVtfi^ 
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(5.16) 
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The contribution of lowest order would be like Eq. ( 5.16|) but without the Ng factor in the 
integral. The multiplicity factor Ng accounts for the intermediate parton cascades up to the 
scale xQs = xEsin'dis, given by the angular ordering constraint. 

In order to obtain the next-to-leading corrections one has to take into account the evolution 
for multiplicity to order which reads 




= ^{asiQmgiQ) 


(5.17) 


with 


1 - 2 /. 1 N 

7^70-2«7o(1-^) + 


7o = {2Ncas/'7iY^‘^, 
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Qj = - -|- 


12 QNl 
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(5.18) 


(and B from ( p.l4| ). Then, one obtains for the 1-particle flow from a hard parton at NLO 

dN Wl 


dfl. 


123 


8nN( 


“ iVj(<23)(l+<i7) 


(5.19) 
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For 2-gluon emission one has to consider in addition the mutual influence of both flows. 
Neglecting running q;<j effects at small angles 7934 one can exponentiate such contributions and 
obtain the improved formula for the full two particle correlation 


i?'?'?(n3, nY = 1 + 
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with the exponent p = 1 — fy, or, in terms of the relative angles 734 , (^34 


R'^Hn3,n4) = 1 + 


N, 
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2Cr 


2 cosh(pp 34 ) 


( 2 (coshp 34 - cos 9334 ))^ 


(5.20) 


(5.21) 


For p = 1 (7 = 0 at inhnite energies) one would restore the leading results in Eqs. (5.8), 
(|5.9|) but since p < 1 the peak near small angles '^34 or P 34 will be reduced because of the 
intermediate parton emissions. 


a) Hard matrix elements 

Subleading corrections also occur if both gluons are not soft and strongly ordered in energy. 
These corrections are particularly important for larger relative angles and have to be extracted 
from the matrix elements. The corresponding diagrams considered in the calculation of Cem 
and Cemm are shown in Fig. 5.3. 


Hi) Small relative angles '^34 

The various contributions to the correlation functions Cem and Cemm are obtained as product 
of a matrix element contribution with cascading factors Ng{Q). The singularityis screened 
by summing the ag In^ '^34 terms which leads to the replacement 
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(5.22) 
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where the anomalous dimension jq is absorbed into the multiplicity Ng. This agrees with 
Eq. ( ^.201) for z/eg = |, the value for hxed coupling. For running coupling i/es is a smooth 
function which increases from | for '^34 < 0 to the value z^efr = 2 for '^34 A/E. Approximate 
formulae for UeS will be given below, see Eqs. (|5.39|), (|5.45|). 


These analytical results for the general 2-particle angular correlation R{n^, 774 ) are explicitly 
evaluated for the azimuthal correlations. The LO and NLO results ioi C{(p) are shown in Fig. 5.4 
together with the predictions from the HERWIG Monte Carlo at parton and hadron level. 
The leading contribution to Cem ~ the normalization of C{(p) - comes from diagram (a) in 
Fig. 5.3 (g triggered, g registered) and the NLO corrections of order 'yoCp/Nc amount to only 
10 - 20 %. On the other hand, Cemm gets very large corrections, in particular, at small angles tp 
from the intermediate partons which screen the 1/7914 singularity. 


At large angles p k. e the negative soft gluon interference, which at LO leads to ^(Tr) = 
7/16 ~ 0.44, as in the string effect, is largely removed and one hnds ^(Tr) 0.93 at NLO. 

This comes from the fact that the non-leading contribution (C) in Fig. 5.3 with a gluon trigger 
becomes comparable for p k. e io the leading contribution (A) with a quark trigger. The soft 
gluon coherence effect is therefore better seen in the “classic” string effect in 3 jet-events where 
the identity of the jets is better known. 


The large contribution from the gluon jet could be avoided if a heavy quark trigger is applied. 
Then one can relate the particle whose energy (E) is measured to the heavy quark particle and 
the particles whose multiplicities are counted (MM) to the particles in a rapidity interval in the 
same hemisphere. Alternatively, one could think of making a cut for the fast heavy quark to 
diminish the gluon bremsstrahlung contribution. Then the negative interference effect should 
become more pronounced and approach the magnitude expected in the string effect. 

For not too small angles p the analytical results agree within ~10% with the results from 
the parton Monte Carlo (Fig. 5.4) which takes into account the most important subleading 
effects. The remaining discrepency can be attributed to neglected terms of even higher order. 
Furthermore, by comparing Monte Carlo results at parton and hadron level (see Fig. 5.4) one 
observes that hadronization effects are negligible in the region (p > 7 r /4 at LEP-1 energies. 


5.2.3 Comparison with Experimental Data 


The azimuthal correlation C{p) has been measured by OPAL ||200|| and ALEPH |p01|| at LEP-1 
and by AMY at TRISTAN ||202|| . The LEP-1 results are found to be in good agreement (within 
a few percent) with the JETSET and HERWIG Monte Carlo’s which take the colour coherence 
in parton branching into account (see OPAL data in Fig. 5.5, for example), in particular 


C( 7 r) = 0.787 ±0.002 ±0.004 (OPAL) 

^(Tr) = 0.783 ± 0.001 ± 0.016 (ALEPH) 
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where the hrst error is statistical and the second is systematic. The results are found consistent 
also with the Monte Carlo predictions at parton level ||200|| and the data points are slightly 


below the analytical NLO prediction of C(7r) 0.93 (see Fig. 5.4). 

The AMY data at the lower CM energy approach about the same value for large angles 
C{(p ^ tt) K, 0.78 but the correlation is rising more slowly towards small angles with C{(p k, 
0) ~ 2.75 as compared to C'(</9 0) ~ 3.25 at LEP-1. This behaviour for small angles violates 

the prediction of scaling with energy at leading order, Eq. (|5.9| ), but is expected from the 
screening effect, Eq. (b.20|), (increasing p-parameter for increasing energy). Another effect is 


the influence of the cut-off Qq at small angles. This can be seen from the comparison ||200|| of 
parton level Monte Carlo’s with different cut-off: the larger cut-off in JETSET corresponds to 
a stronger suppression of the correlation at small angles in comparison to the HERWIG Monte 
Carlo without affecting the large angle correlation. 


The prediction from a model without coherence (“JETSET incoherent (J3)”, see Fig. 5.5) 
deviates from the data signihcantly. However, in absolute terms the difference from p ~ tt is 
rather small, only about 5%, i.e. of the same order as the difference from the analytical NLO 
calculation. Therefore, one has to conclude that this observable is not particularly sensitive to 
the soft gluon coherence effect. This is expected to be changed if the energy trigger is related 
to the heavy quark as discussed above. 


The results, however, represent another remarkable success of the LPHD concept in that a 
hadronic particle correlation can be derived from a parton level calculation analytically within 
~ 10% for (p > 7r/4 (from the parton Monte Carlo even better). The discrepancy at small 
angles is apparently due to cut-off effects which can be concluded from the cut-off dependence 
of the Monte Carlo’s at the parton level. 


5.3 Solid Angle Correlations: Observables and Generic Results 

A consequence of soft gluon coherence is the “angular ordering” of subsequent gluon emission 
in the cascade evolution, see section 2. These constraints are expected to affect most directly 
the correlations of the solid angles in a jet. Such correlations will be discussed in the remaining 
part of this section. 


5.3.1 Observables in Analytical Calcnlations 


The following observables have been considered in analytical calculations ||203|,P04|,P05| , P06 


i) Relative solid angle 

The simplest observable of this type, partially integrated, is the distribution of the relative 
angle 'di 2 between two particles with solid angles Hi and C 2 in a forward cone of half opening 
angle 0 around the primary parton of energy E 


dA(2)(E,0) 

d'di2 


dN^^'>{E,e) 


— '^ 01 , 02 ) dflidfl2- 


(5.24) 
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A related quantity is the “Particle-Particle Correlation” (PPG) and its asymmetry which has 
been studied experimentally |P01| , P07| , ^08|J209|| , but is not analytically computed. 

ii) Fully inclusive n-particle distributions 

The particle densities E, 0) = / dVti, ..., dVtn of general order n or the 

connected (cumulant) correlation functions ..., i?, 0), introduced in Sect. 2.2.1, 

for particles emitted from a primary parton of energy E within a forward cone of half-opening 
angle 0. 

Hi) Differential moments (“star integrals”) 

By partial integrations of fully differential distributions one obtains the differential moments, 

Properties of such moments. 


which occur naturally in the leading pole approximation [204 


also called “star integrals” have been discussed in detail in jplO 
moments of rank n. 


One dehnes, e.g. for cumulant 


n J-y{n,5) 




(5.25) 


i.e. one particle is kept hxed at solid angle and all others are counted in the cone 6 around 
it. In practical applications one has to integrate 5) over an area in 

iv) Multiplicity moments in angular intervals 

The integral of the correlation functions or over selected angular intervals 7 ('d, 5) 
yields the respective unnormalized factorial and cumulant multiplicity moments 


= [ D^'^'>(dQi...dQn)dni...dQr. 

J 7 (' i ?,( 5 ) 


dn) 


{^,5) = [ T^^\dni...dnn)dni...dnr^ 

J 7 ( 1 ?,( 5 ) 


(5.26) 

(5.27) 


Usually one considers moments and normalized by the total multipliciy N = n as 
in (p.21 ). Calculations have been performed for two types of angular intervals 7 ('d, 5): (a) the 
symmetric ring where the polar angles di with respect to the initial parton (jet axis) are within 
the range 'd — 5<'di<'d + 5, and (b) the sidewise cone, centered at a polar angle 'd and half 
opening d. We refer to these conhgurations according to the dimensions D = 1 and F = 2 of 
the respective phase space volume 5^. 

A study of multiplicity fluctuations at two resolution levels has been suggested using the 
“Double Trace Moments” |pil|| as an extension of the above one level moment analysis. Pre¬ 
dictions have been obtained in the DLA and can be found in |P05| . 


5.3.2 Leading Order Results and Critical Angle 

Complete analytical results for these observables have been derived in the DLA to exponential 
accuracy which provides the asymptotic limit at high energies, in particular the scaling prop¬ 
erties in the proper variables of the various observables and relations between them. Certain 
subleading corrections have been computed as well. 
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Two different methods have been applied to obtain results on the solid angle correlations: 
i) Partial integration of n-particle distribution 


Starting from the generating functional in DLA, Eq. (p.36 ) one obtains the integral equation 
for the general n-th order correlation function or the above partially integrated correlations. In 
the leading pole approximation they can all be built from functions E, 0)11 which fulhll 

the integral equation 


^ dK /-e dT 


jQo/5 A W 


(5.28) 


Here the inhomogeneous term corresponds to the contribution from the direct emission 
of the considered particles off the primary parton, the integral corresponds to the emission 
from an intermediate gluon of momentum K and angle T to the primary parton. The direct 
term is typically given by the power of the angular distribution E) or by the event 

multiplicity N{E, d) in the forward cone S 


d^^\5,E) ~ [N{E,6)]^ ~ exp(2n/3^1n(Ed/A)) (5.29) 


with = 12/6, i.e. = | for Uf = 3. Eq. (|5.28|) can be solved by the resolvent (Greens func¬ 
tion) method or by the WKB approximation to the corresponding partial differential equation. 
For n=2 the consistency between the fully differential distribution f22) and the global 

moment E 2 {E,Q) is demonstrated by subsequent integrations, for hxed a* also for the exact 
solution at hnite energies in the DLA. 


a) Jet calculus diagrams 

Considering the appropriate jet calculus diagrams 
of arbitrary order are built from the relevant 1-particle distributions and cascading factors |p05 


the results for the multiplicity moments 


following the procedure applied for 2-particle azimuthal correlations |p.99|| as explained in the 
previous subsection. Certain MLLA corrections have been evaluated as well in this case. This 
procedure is followed also in Ref. ||206|| where, in addition, a description in terms of a random 
cascading process has been presented and further phenomenological applications have been 
discussed. 


Available results from both methods are found to agree in the high energy limit. They are 
derived for a restricted region of phase space away from kinematical boundaries where recoil 
effects can be neglected, formally for A 6 -C 0. 


The results can be obtained from an integral representation ||199 , 203 , 204 

pX fj 'V 

h^’‘HS,E,e) ~ / —D‘{x,Q,g)lN(xg)r 

JQolq X 


(5.30) 


with the two momentum scales Q = EQ and q = E5. The resolvent D^{x, Q, q) is the inclusive 
momentum distribution of the intermediate partons as discussed in Sect. 3, but these partons are 

^^For the observable listed in (i) above S = di 2 , in (ii) there is a sum over n such terms involving the relative 
angles dy instead of the single angle 6. 
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required with angular cut-off 6 from below and not only with the usual transverse momentum 
cut-off kj_ = xE6 > Qq. This more severe restriction is a further consequence of angular 
ordering: final partons of angular separation 6 can only fragment from an intermediate parton 
which is produced with minimum angle 6 itself, i.e. with virtuality xE6. This distribution is 
given by the inverse Laplace transform 

D\x,Q,q) = J + J . (5.31) 

where the anomalous dimension is given in Sect. 3 for different approximation schemes. In 
the DLA for fixed as, for example, one hnds an explicit result which can be easily discussed: 


D\x,Q,q) = h(a;-l)-F 7 o, 




exp ( 27 opln — In — 
\ ^ X q ^ 


(5.32) 

(5.33) 


This distribution drops for fast partons with x k, 1 but peaks for soft partons with small x and 


is different from the usual momentum spectrum obtained for cut-off Kj_ > Qq in Eq. ( 5.31 ), 
the “hump-backed plateau” discussed in Sect. 3, which drops towards small x as well. The 


appearence of the distribution in Eq. (^.30|) makes the above observables sensitive to 


the angular ordering constraint with increasing 6. 

The integrand in Eq. (|5.3CI|) is sharply peaked at high energies {N vanishes for small x, 


for large x). If the lower limit of the integral Qo/q is below the maximum [6 sufficiently large) 
one obtains the integral (p.30|) by a saddle point method. If the lower limit goes beyond the 
x-value at the maximum - corresponding to the “critical angle” 6 = '&c ^ this method cannot 
be applied any longer but the integral is well approximated by the integrand, i.e. the 1-particle 
spectrum, at the lower limit. For fixed as and n = 2 this critical angle is at [p.99|j203|,|212| 


° B VOoj 


(5.34) 


for running ag one hnds in a high energy approximation ||212 


^r = 


A /ln(E0/A)y 

e\ a ] 




(5.35) 


The critical angle limits the regime of scaling from below. For smaller angles the correlations 
become sensitive to the cut-off Qq. It is interesting that the perturbative QCD alone reveals 
the existence of these two regimes with quite different physical characteristics (see below). 
For the critical angle dc the correlation function in the high energy limit develops a nonana- 
lytic behaviour (discontinuous second derivative). This behaviour is quite unique for angular 
correlations and does not occur, for example, for momentum spectra. 
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We consider first the important case of larger angles 6 > dc where the integral in Eq. 


can be obtained from the saddle point method. The high energy limit in DLA for general order 
n is obtained from (p.3UD and (p.31D by applying a saddle point approximation and can be 

written as _ 

h^"'\6,E,Q) ~ exp A)oo{e,n)^ (5.36) 

or, after normalization by the multiplicity N{E, 0) with 

{6, E, 0) ~ exp (2(3^Jln{EQ/A){u;{e, n) - n)) . (5.37) 

The dependence of the exponent on the scale EQ comes from the anomalous dimension 70 
of the multiplicity evolution, see Eq. (|5.29|) , therefore, the normalized correlation is naturally 
expressed by 


H^^\5,E,Q) 


^eS — 


N{E6) 
N{EQ) 
n — a;(e, n) 




1 - 

Remarkably, the dependence on the small angle 6 occurs only through the scaling variable 

In (0/5) 


(5.38) 

(5.39) 


e = 


ln(E0/A)' 


(5.40) 


As the angle 5 varies typically in the range ^ ^ ^ < 5 < 0, the corresponding bound for e is 
then 0 < e < 1. The region 0 < 5 < 20 is kinematically allowed but is not reliably calculated 
until now because of important recoil effects in this domain. 

The function a;(e, n) is given 


a;(e, n) = ■j{z{e,n)) + ez{e,n), 

(5.41) 

yz) = ^(V^2^4-^), 

(5.42) 

where z{e,n) is the solution of the algebraic equation 

'j'^iz) — 2 In 7 ( 2 ;) — ez‘^ = — 2 Inn. 

(5.43) 


Equations (|5.41|) - (|5.43|) determine completely the scaling function a;(e,n). For small e this 
function has a linear behaviour 


a;(e, n) ~ n 


n 


n 


2n 


-e, u^ff ~ 


n 


(5.44) 


24r 


This function has been introduced in Ref. 204 where more details are given; the equivalent function Veff, 


see Eq. (5.39), is defined in Ref. |199 where it appears in the analysis of the azimuthal angle correlations, see 
Eq. (5.22) above for The results on w(e) which follow are found to agree numerically with j^e//(r), r = 1 —e 
in Fig. 3 of Ref. 


see also Ref. p04 |. 
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whereas a; —>■ 0 or z/g// —>■ n for e —>■ 1. In the limit e hxed, n —>■ oo one hnds the approximation 

a;(e, n) = n\/l - e {I - ^ ln(l - e) H-). (5 

Remarkably, this approximation has an accuracy of better than 1% for e < 0.95 already for 
n = 2 and is, therefore, well suited for numerical analysis. 



5.3.3 Characteristic predictions for High Energies 


There are several important aspects of these asymptotic results of the DLA: 
i) Angular scaling 

The dependence on the scaling variable e implies a hnite high energy limit of the quantity 


2n/?^ln(E0/A) 


(5.46) 


This asymptotic scaling property has been proposed for various observables and tested with 
Monte Carlo models whereby it has been already conhrmed in some cases already for energies 
E > 10 GeV, and not too small angles 6 ||204| , pi3|| . The relevance of asymptotic DLA scaling 
predictions at present energies has been already found in case of multiplicity scaling (KNO). 
Namely, at present energies the KNO scaling is observed, but the scaling function is still far 
away from the asymptotic expectation. The hrst experimental results support the scaling in 
the jet opening angle 0 |pi4|| . An interesting feature implied by Eq. (|5.46|) is the scaling in two 
external variables E and 0. This prediction has not yet been explored experimentally and can 
be tested most conveniently with jets of variable energy (e.g. at HERA and TEVATRON). 

The normalizing factor in Eq. (|5.46|) can also be expressed in terms of InA^ in lead¬ 
ing exponential accuracy, see Eq. ( b.29|) , similarly the variable e can be given in terms of 
\n N{E6)/ \nN{EQ) ||215|| . If written in this way, Eq. (|5.46|) is valid also for hxed In this 
formulation the parameter A in the dehnitions of observables is avoided but it may be difficult 
to determine N{E, S). A similar scaling law has been noted already for rescaled logarithms 
of momenta, in the variable ( = ln(E/a;)/ln(£'0/(5o)- 


Distributions in these rescaled logarithmic variables approach hnite asymptotic limits in 
QCD. Note that this is not true for rescaled quantities like x = u/E: Bjorken- or Feynman- 
scaling is violated and there is only the trivial asymptotic limit D{x) —>■ S{x) for a review, see 

Ref. CT - 


ii) Universality 

As the various observables introduced above approach the same function a;(e, n) in Eq. ( |5.46| ), 
nontrivial relations appear between seemingly quite diherent observables. 
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in) Power behaviour for large angles 

For sufficiently large angles S (small e) the linear approximation Eq. ( p.44| ) applies and one 
obtains the power behaviour 


W’'\s,E,e) ~ 



(5.47) 


Power laws of this type are characteristic for selfsimilar structures or “fractals” [|217|| . The frac 


tal behaviour of jets has been noted already in the beginning of QCD jet studies p 8 tpl 8 ||. There 


has been a renewed interest in the role of power laws and fractal behaviour with intensive in¬ 
vestigations in the held of multiparticle production, following the discussion of “intermittency” 
|219|| . The evolution of a QCD jet in a fractal phase space has been discussed within the LUND 
dipole cascade model ||220|| . For a review of various experimental and theoretical results see, 
e.g.. Ref. ra . 


The selfsimilarity of the QCD cascade is mildly broken by the logarithmic scale dependence 
of 7 o(F' 0 ) from the running ag. The same power laws (^.471) with constant exponents and 
therefore with global selfsimilarity are obtained in case of hxed These results, valid for 
sufficiently large angles 6, are infrared safe as they do not depend on the cut-off Qq. This 
occurs because the integrand in Eq. (|5.3CI|) is independent of Qq except through the prefactor 
of N which cancels after normalization; the integration limit disappears in the saddle point 
approximation for high energies. 

iv) Correlations below the critical angle 

The perturbative analysis |pi2|| reveals two different kinematic regimes which are separated by 
the critical angle dc or Cc 


C{p) = -n^ - 111(72(2;)/uQ) 7^2 

77,2 — 1 


P = 


ln(Qo/A) 
^ ln(E0/A) 


2 ; = 


np 


(5.48) 

(5.49) 


with 7 given by (^.42|) . It is found that Cc —>■ 1 for E 00 . The correlation functions vanish 
for 5 5min = Qo/E or for e ^ Cmax = 1 with Cmax < 1 for Qo/A > 1. At LEP-1 energies 
this angle corresponds to Cc > 0.7 or 5c ^ 1“. 

There are two characteristic differences in the behaviour of correlations in the two regimes: 

a) dependence on the cut-off Qq. In the region e < Cc (large angles 5) the correlation function is 
Qo-independent and develops the angular scaling behaviour with the only scale available being 
A. In the complementary region (e > u) this scaling is broken and the correlation function 
drops to zero at Cmax which depends on a second scale Qq. If the cut-off Qq is related to the 
particle mass according to LPHD, one expects the following pattern for correlations between 
particles of different species (say tttt, KK, pp): for small e the correlations should be the same, 
and for large e the heavier particles drop faster according to their smaller Cmax- 
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b) dependence on the order n of the correlation. The rescaled quantities in Eq. ( 5.46|) depend 
on n in the small e region; beyond Cc they depend only on the 1-particle spectrum and are 
independent of n. 


It should be noted that the separation of these regimes is incomplete at hnite energies and 
the characteristic features are realized away from the critical angle. In the next subsections 
more details on specihc observables are reported. 


5.4 Distribution in the Relative Solid Angle 

This is the simplest correlation variable. There are two observables for which results have been 
obtained. 


5.4.1 Normalized Correlation Function and Test of Angular Scaling 


Besides the unnormalized correlation dehned in Eq. ( b.24| ) one also considers the normalized 
correlations 

,5.50) 




iV2 


In the hrst observable r (“correlation integral” |p22|| ) the normaliziM quantity is dehned as in 
(|5.24|) but with dN^‘^1 /dQ.idQ .2 replaced by {dN^^^/dVti) / dQ. 2 ^'i in fhe second observable 

f the square of the particle multiplicity N‘^{E, 0) in the forward cone dehnes the normalizing 
factor. The hrst quantity is more sensitive to the non-trivial correlations as it measures the 
deviations from the distribution of uncorrelated pairs, but it depends more critically on the 
choice of the jet axis in the dehnition of the angles the second quantity depends only 
weakly on the jet axis through the opening angle 0. 

The direct term in Eq. (|5.28|) is given by d^‘^\'di 2 ,E) = dN^H^/dd^ as in Eq. (^.50|) . The 
leading contribution in pole approximation is given by Eq. (|5.29|) for n = 2, 6 = 'di 2 . The 


correlation functions are obtained from Eq. (|5.36|) 

riiHu) = exp 1^2/3y^ln(E0/A) (cn(e, 2) - 2\/l - , 


f(e) = 6exp (^6 (a;(e, 2) — 2)^ , b = 2(3\J\n.{EQ/A). 


(5.51) 

(5.52) 


Note that in the correlation r('di 2 ) the leading term in the exponent from the uncorrelated pairs 
is canceled, see Eq. (|5.45|) , whereas it contributes to the correlation f(e). The correlation f(e) 
in (^.52|) is dehned as in Eq. (|5.50|) but in terms of the variable e instead of 'di 2 . 

In the kinematic region of large di 2 or small e, when the linear approximation Eq. ( |5.45|) 
for a;(e) applies, the correlation functions show power behaviour 


K-».2) - I A 
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2 


(5.53) 


25 


In the experiment one takes the angle ^12 between particles of different events (“event mixing”). 
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as expected from the selfsimilar structure of the fully developed cascade. 


The hrst experimental results on the di 2 correlation became available from the DELPHI 
Collaboration ||214|| . Fig. 5.6 shows the quantity — ln(f(e)/6) from Eq. (|5.52|) after rescaling by 
EQ/A. The data are in reasonable agreement with the asymptotic prediction ~ 2/3(1—a;(e, 
2)/2). Better agreement is obtained with the more precise Monte Carlo calculation at partonic 
level (HERWIG [^) in the full angular region supporting once again the LPHD hypothesis. 


The same parton level Monte Carlo also reveals nicely the angular scaling property for not too 
small angles (e < 0.5) if one compares the = 90 and ^/s = 1800 GeV results. The scaling 
region is below ec < 0.7, in agreement with the general discussion above. Very good agreement 
with the experimental data has been obtained by the JETSET Monte Garlo which includes 
hadronization. 


An experimental test of angular scaling by varying the jet opening angle 0 is presented in 
Fig. 5.7 for the correlation r('di 2 ). The rescaling of the horizontal and vertical axis yields the 
approximate scaling for angles 0 > 30°. The deviation at smaller angles most likely reflects the 
sensitivity to the jet axis (sphericity) determination. This sensitivity is weak for the correlation 
f (e) through the cone opening angle 0 but proves to be more severe for the correlation r(-di 2 ) 
through the 1-particle angular distribution which enters the normalizing factor. Whereas the 
prediction of scaling is sufficiently well satished the prediction on the asymptotic shape from 
(|5.51|) reproduces only the qualitative trend of the data. A computation which evaluates the 
integral equation (p.28|) numerically at the LEP-1 energy and thereby takes into account the 
cut-off Qq properly gives an improved agreement in the shape. It still differs though in the 
absolute normalization which enters in NLO in the expansion of ^J\nEQ/A. 

Results with less sensitivity to the jet axis could be obtained by using the corresponding 
EMM-Gorrelations between 3 particles instead of the correlations r and r - as discussed for the 
azimuthal angle correlation in Sect. 5.2 - whereby two particles (1,2) dehne the correlations in 
'di 2 as above and the third particle in turn with energy weight represents the jet axis. 


5.4.2 PPCA and Test of Color Coherence 


An interesting aspect of the relative spherical angle correlation is its sensitivity to the soft gluon 
interference. This has been investigated experimentally with the observable “Particle-Particle 
Correlation” (PPG) and its asymmetry (PPCA) in the relative angle y = 'di 2 ||201| , |207| , |208| , |20S 
which is closely related but not identical to the above correlation f{'}}i 2 ): 


PPCix) 

PPCAix) 


Nev Ay 


Nev Nc,h Nc,h 

EE E 


/V2 

1=1 ^ ch 


^biniX Xij) 


PPC{180^-x)-PPC{x) 


(5.54) 

(5.55) 


with Nch and denoting the number of charged tracks in an event and the number of 
events respectively. Ay is the bin width. If the multiplicity Nch per event in the dehnition 


76 





























(|5.54j) were replaced by the average N^h we had just obtained f{;di 2 ) from the last subsection; 
also, one has the approximate relation PPCA{di 2 ) ~ /dd 12 — dN^^^Jddi 2 )/N if the 

forward-backward correlations of two jets across the hemispheres are neglected. The quantities 
( 5.54 ), ( ^33 ) are built in close analogy to the well known Energy-Energy Correlations and their 
asymmetry but without the energy weight factors in the respective sums. 

These new quantities have not been calculated analytically yet, so only comparison with 
Monte Carlo calculations are available. As an example, we show in Fig. 5.8 the experimental 
results obtained by the L3 collaboration |p09|| in comparison with the JETSET model [Q 
predictions with and without soft gluon coherence included in the jet algorithm. The models 
which include the coherence are generally in agreement with the experimental data, except for 
very small angles x < 6° where the Bose-Einstein effects are important as well. The sharp dip 
visible for y < 20° can be related to the peak in dN^'^^/did^ ~ l/'di 2 in the DLA (note that the 
PPCA and /did 12 have opposite sign). 

The angular ordering condition implies that a soft gluon is emitted from parton 1 only 
within an angular cone limited by the next colour connected parton {'di 2 < 'di next)- One may 
estimate roughly m next ~ 'di 2 ~ 0 / which corresponds to about 1 /a/TS rad ~ 15°. One 
expects the emission within this angular region to be enhanced, and outside to be suppressed 
in comparison with the non-ordered case. Interestingly, such an effect is indeed seen in Fig. 5.8 
a,b, if “JETSET coherent” and “JETSET incoherent” are compared. In the coherent case the 
correlation disappears almost completely for angles around 25°. Remarkably, the interference 
effect expected for gluons is actually visible at the hadronic level. 

These results suggest that the effect of angular ordering is most clearly seen in the correla¬ 
tions in polar angles and less pronounced in correlations in azimuthal angles or momenta. 


5.5 Fully Differential Multiparton Correlations 

The general n-particle cumulant correlation function P0^(r2i,... ,^ln) has also been studied in 
the DLA |P04|| . Consider hrst the simplest case n = 2 for hxed for which exact results have 
been obtained. Starting again from Eq. ( p.28| ) with inhomogenous term and 

angular distribution = 7o/27r'd^ sinh(7o ln(E'd/Qo)) one finds using Eqs. (|5.3CI|) , (|5.32|) 

the exact result [p04|J223|| 


p(2)(Di,D2) = 


7o 


_ \ ^ /r^ 2 m 



m+1 


h 2 m+ 2 ( 27 o\//Ti) -|- (1 2). 


(5.56) 


Here I = In {E'di 2 /Qo), Li = In ('di/'di 2 ), furthermore there is the constraint 'di('d 2 ) > "^12 re¬ 
quired by angular ordering. At high energies one hnds again the characteristic power behaviour 


p(2)(D,,f22)~ 



70/2 


2(47r)2 



7o/2^ 


(5.57) 
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By appropriate integrations one can obtain the corresponding results for /(I'd 12 , 5) 

and, finally, the well known result for the global moment F 2 = 4/3. 

For general n and running an expression has been derived for the typical conhgurations 
where the relative anglesbetween partons are of comparable order and much larger than 
the asymptotically small angle A/F^, so that 

> 1. (5.58) 

On the other hand, the quantity e\^ = ln('dj/'d;m)/ln(F^'di/A) involving the polar angle 'di is 
allowed to vary within the full range 0 < e\^ < 1. The correlation function is then given as a 
sum of terms singular in the production angles 'di 

rj, 

r'"’({n}) - (Ti i|:2!L^exp(2M€.,n)dyE^)F"({x}). (5.59) 

Here e* = ln('dj/('djj)min)/ln(i?'di/A) and F^{{x\)) fhe term for the particle, is homoge¬ 
neous of degree p = — 2 (n — 1 ) in the relative angles built from factors In term i the 

particle i is connected with the initial parton direction (factor and all other partons j, I are 
either connected to i (factoror among themselves (factorAgain a power behaviour 
results for sufficiently small e*. 


5.6 Multiplicity Moments in Angular Bins 


In order to study genuine multiparticle angular correlations it is convenient to integrate the cor¬ 
relation function over the angular intervals as in Eqs. ( |5.26| ), ( |5.27| ) which yields the respective 
multiplicity moments. 


5.6.1 Scaling Predictions and Universality 


Due to the singularity structure of the connected correlation function just mentioned, it is 
most convenient to consider the differential moments dehned in Eq. (|5.25|) , where one particle 
is kept hxed at angle D and the others are counted in the cone 6 around it. The functions 
h^"‘\Q,6) = (5) fulhll the generic integral equation ( |5.28| ) with (|5.29| ) in the high 

energy limit and the asymptotic solution is again given by Eq. (|5.36|) . In taking the direct 
term (|5.29|) one applies KNO scaling which relates the global moment to the power of 


multiplicity. 


The multiplicity moments in the sidewise angular bins as dehned in Eqs. (|5.26|) ,( p.27|) are 
then obtained approximately as an integral over D in the appropriate interval 7 : 


d-n) 


J 7 ( 1 ?,( 5 ) 


(5.60) 
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where Ci = 27tS'^ for the ring (D=l) and C 2 = for the cone (D=2). Although in the ID case 
all partons are counted in the ring, in the calculation at leading order the full area is considered 
only for the hrst parton, whereas the relevant phase space for the other partons in the leading 
pole approximation is the bin width 6 and not the ring (see, e.g. [ 205|| ). The latter approxi¬ 
mation requires formally A/A' -C 5 <C "d and deteriorates for 5 —*• "d where the bremsstrahlung 
singularities l/'&i present for all partons become important. For the normalized moments 
one obtains after division by A^('d, 5)" with multiplicity N{'d,S) {6/^)^exp{2(5^lnE^/A) 

^ g05| , M 


5 ) 



ipn = D{n - 1) - 27 o(A 79 )(n - a;(e,n))/e 


(5.61) 


with the usual 70 = /d/y^ln E-d/A. This result for normalized moments has been given for the 
cumulant moments ||204|| or for the factorial moments ||205| , |206| 


The difference comes from a 
different treatment of nonleading effects in the DLA and vanishes in the high energy limit (for 
e hxed grows ~ exp(c(n — 1)'/E) whereas The more precise 

parton Monte Carlo results indeed show the convergence of both moments at higher energies 
Furthermore, these Monte Carlo results as well as the hrst experimental data |pi4|| give 


better agreement with the theoretical prediction ( |5.61|) at present energies if is taken to 
be the factorial moment rather than the cumulant moment. 

The dependence of the moments in the DLA on the various parameters can best be seen 
from the moments rescaled as in ( |5.46|) , which project out the e-dependent part of the 
exponent of E^"‘\ They approach for e hxed, A —> cx) a scaling limit 


_pD) = 




n 


Inf 


2/3(1- 


o; e, n 


n 


2p{l - VT^e) 


(5.62) 

(5.63) 


independent of dimension D, and within the large n approximation of Eq. ( |5.45|) also indepen¬ 
dent of the order n in Eq. ( b.63| ). 

In Fig. 5.9 (a) experimental data from DELPHI Collaboration ||214|| on the second and third 
factorial moments are compared with the predictions (|5.61| ) and in (b) on the rescaled moments 
compared with ( b.62| ). The qualitative trend of the data is well reproduced, and the agreement 
could be further improved by adjustment of the normalization which is nonleading in DLA. 

The moments have also been computed with the parton Monte Carlo. These results are in 
close agreement with the data of Fig. 5.6 and also with the results from the hadron level Monte 
Carlo for not too small angles e < 0.5. Also in this region the approximate angular scaling of 

Fin) 

in ( b.62|) has been verihed by the Monte Carlo for different primary energies ||204|| . In this 
region (e < Cc) the theoretical predictions are independent of the cut-off Qq and it is in this 
kinematic regime that the hadronization effects are negligible and LPHD works. As Cc —> 1 
with increasing energies (for running ag) the range of validity of LPHD is expected to increase 
as well in this limit. 
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The comparison of Figs. 5.6 and 5.9b supports the universality of angular correlations 
according to Eq. ( b.46| ) which relates quite different observables: it is to be noted that in the 
measurement of f and particle pairs from different regions of phase space are gathered, 
with the hrst quantity being differential, and the second cumulant in the angles. 


5.6.2 Intermittency and Fractal Structure 


The behaviour of moments is qualitatively similar to the one of discussed above. For 

small e, i.e. sufficiently large opening angle 6 (or for constant we can apply the linear 
approximation (|5.44|) to uj{e,n) and hnd the power law for moments 





If, 


= D{n — 1) — (n-) 7 o(F'd). 

n 


(5.64) 


For larger e (smaller angles 5) the full result (^.61|) implies a deviation from the power law, 
larger for D = 1 than for D = 2, which eventually leads to a saturation and downward bending 
of the moments. The above formulae cease to be valid beyond e ~ Cc. The dimension D enters 
the result only through the kinematic factor 


The power behaviour of moments is also refered to as “intermittency” ||219|| . There have 


been detailed studies of the intermittency property of factorial moments both experimentally 
and theoretically in the different types of collision processes, motivated originally by analogies 
to selfsimilar structures in dynamical statistical systems, for reviews see, e.g., ||221|J224|| . Various 
qualitative trends of the data, e.g. dependence on the resolution scale and on the dimension 
(D=l,2,3) had been predicted from simple models of branching processes ||219|,|225|| . However, 


the above QCD results (for hard processes) are more specihc: they select the angles (f) as 
the relevant variables (rather than rapidity and if) as a consequence of angular ordering (see 
e.g. |P06|| ). Also the power law occurs only for the fully developed cascade at sufficiently large 
angles (e small) whereas most phenomenological studies discuss the power law at small angles 
in the limit 5 —> 0. Finally, the intermittency exponents fn became quantitatively calculable in 
QCD in terms of the multiplicity anomalous dimension 70 ~ a/oI, see Eq. (^.64|) ; this implies a 
logarithmic variation of the intermittency exponent with the jet virtuality EQ and, therefore, 
a weak breaking of selfsimilarity. 

The power law for moments can also be interpreted in terms of the fractal structure of the 
jets. The fractal dimension Dp is derived from the result ( |5.64|) for fn, see e.g. ||221| , |226| , p27|| , 
as 

^n = {n-l){D - Dp). (5.65) 


The dimension D'^ has a simple geometrical interpretation |p27 ]. An equipartition of points in 
D dimensions yields a Poisson distribution for a subinterval of any size. Therefore one obtains 
for the factorial moments = 1 and fn = 0 , i.e. the fractal dimension equals the topological 
dimension D^ = D. On the other hand, if in a subdivision into smaller intervals only one 
interval is occupied and the others are empty then fn = {n — 1)D and Dp = 0 as intuitively 
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required. /^From ( 5.64 ) for one finds for the fractal dimension independent of dimension D 
the simple result 

r) - 1 - 1 

- 7 o- (5.66) 

7o, and so there 


= 


n 


For large n the fractal dimension approaches the anomalous dimension 
is a geometrical interpretation of the QCD quantity 70 . 

More analytical results on the fractal structure of QCD jets concerning the multifractal 
approach and Levy indices have been presented in ||205|| . The fractal properties of multiplicity 
fluctuations have been addressed also in ||228|| in a study of related observables (“x-curve”). 
The results for unnormalized moments are found as in ( 5.66|) in the large n approximation; the 
numerical results on normalized quantities are consistent with (|5.66|) . 


5.6.3 MLLA Prediction on Fractal Dimension 


Corrections to the leading DLA results on moments have been computed in the MLLA [203 . 
One important effect is the softening of the particle spectrum because of energy conserva¬ 
tion. This can be taken into account by calculating the distribution and multiplicity N in 
Eqs. ( b.30| ) and (|5.31|) in MLLA accuracy with the help of the anomalous dimension 7 ^^ from 

Eq. (111). 

Explicitly the fractal dimension in (|5.65| ) has been derived. The result is as in ( |5.66|) but 
with 7 o replaced by 


7 = 7o + 7o 


AN, 


c 


-B 


n 


n 


1 ^ 1 ^ 

2(n+ 1) ^ 4 ^ 2(n + l)(n2 + 1) 


+ O(7o^). 


(5.67) 


The uj-dependent constants B and b are as in ( 3.14 ). For large ranks u S> 1 one obtains a 
negative shift 


7 = 7o + 7o 


AN, 


c 


B 1 
+ 4 


(5.68) 


This corresponds to the MLLA correction to the multiplicity growth Eq. (^. 68 |) which dominates 
at large n in the convolution ( 5.3C ) over the energy loss correction in . The numerical 
coefficients of 7 g in ( ^.671) for Uf = 3 light quark flavours have been computed as (-1-0.057, 
-0.028, -0.107, -0.153) for n=2...5 and -0.280 for n = 00 . The corresponding corrections for the 
slopes (pn are of the order of 10 %. 

Finally, a word of caution on the accuracy of the analytical results for angular correlations 
reported in this section. There are some effects which are not yet included in the present 
treatment of moments. There is the neglect of differences between the factorial moments 
and “normal” moments < N'^ > and the KNO scaling assumption which enter Eq. (|5.30|) . 
This formally requires the multiplicity factors N{E6) to be large. Another uncertainty comes 
from the dehnition of the jet axis which is particularly important for the correlation r('di 2 ) in 
Sect. 5.3 and can, in principle, be avoided by considering the corresponding EMM Correlations 
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198,p.99||. On the other hand, if the above quantities are calculated with a parton level Monte 


Carlo good agreement is found with hadronic data for not too small relative angles where Qq 
cut-off effects are absent (for e < Cc). Therefore, angular correlations for sufficiently large 
relative angles provide evidence in favour of LPHD, despite the remaining uncertainties in the 
analytical results. 


6 QCD Collective Effects in Multi-jet Events 


6.1 Radiophysics of Particle Flows 

The colour structure of QCD is now well tested by the LEP-1 and Tevatron experiments, see e.g. 
Refs. P,p|,|5ipi]| . As we have already discussed, in the framework of APA an intimate connection 
is expected between the multi-jet event structure and the underlying colour dynamics at small 
distances. The detailed features of the parton-shower system, such as the flow of colour quantum 
numbers, influence significantly the distribution of colour-singlet hadrons in the final state (see 
e.g. |2^). Such a phenomenon was first observed about 15 years ago by the JADE Collaboration 


|229|| studying the angular flows of hadrons in three-jet {qqg) events from e’''e annihilation, the 


string 0 or drag effect. The data clearly show in favour of QCD coherence. In particular, 
less particles were found to be produced in between the q and q jets as compared to the other 
two inter-jet regions. This observation was later confirmed by other experiments [P30 


The PETRA/PEP data have convincingly demonstrated that the wide-angle particles do not 
belong to any particular jet but have emission properties dependent on the overall jet ensemble. 

The interjet coherence phenomena were then successfully studied at LEP-1 (e.g. [0i|5|,|7|,|8|,[I^,|^ 
TRISTAN (e.g. [p|, P02|J194|| ) and TEVATRON (e.g. |P31|,P32| , p33|| ). These experimental findings 
have beautifully demonstrated the connection between colour and hadronic flows. Surely, it is 
entirely unremarkable that the quantum mechanical interference effects are observed in QCD. 
Of real importance is that the experiment proves that these effects survive the hadronization 
phase. The current experimental situation is briefly discussed in the next section. 

The interjet coherence deals with the angular structure of particle flow when three or more 
hard partons are involved. The hadron distribution proves to depend upon the geometry and 
colour topology of the hard parton skeleton. The clear observation of interjet interference 
effects gives another strong evidence in favour of the LPHD concept. The collective nature 
of multiparticle production reveals itself here via the QCD wave properties of the multiplicity 
flows. 

The detailed experimental studies of the colour-related effects are of particular interest for 
better understanding of the dynamics of hadropro duct ion in the multi-jet events. For instance, 
under special conditions some subtle interjet interference effects, breaking the probabilistic 
picture, may even become dominant, see Refs. 0,0- We remind the reader that QCD radio¬ 
physics predicts both attractive and repulsive forces between the active partons in the event 
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[p^p3| . Normally the repulsion effects are small, but in the case of colour-suppressed O 
phenomena they may play a leading role. It should be noted that within the APA picture the 
interjet collective effects are viewed only on a completely inclusive basis, when all the colour 
emitters are simultaneously active in particle production. There is an important difference 
between the perturbative radiophysics scenario and the parton-shower Monte Carlo models. 
The latter not only allow but even require a completely exclusive probabilistic description (e.g. 
the negative-sign interference effects are, as usual, absent )& Normally (such as in the case of 
> qqg, see next subsection) the two pictures work in a quite peaceful coexistence; the 
difference only becomes drastic when one deals with the small colour-suppressed effects. 



Let us emphasise that the relative smallness of the non-classical effects by no means dimin¬ 
ishes their importance. This consequence of QCD radiophysics is a serious warning against the 
traditional ideas of independently evolving partonic subsystems. So far (despite the persistent 
pressure from the APA side) no clear evidence has been found experimentally in favour of the 
non-classical colour-suppressed effects in jets, and the peaceful coexistence between the pertur¬ 
bative interjet coherence and colour-topology-based fragmentation models remains unbroken. 
However, these days the colour suppressed interference effects attract increased attention. This 
is partly boosted by the findings (e.g. [ 237 , 238 , 239|| that the QCD interference (interconnection) 
between the and W~ hadronic decays could affect the W mass reconstruction at LEP-2. 
Clear understanding of the dynamics of the colour-suppressed phenomena is of importance also 
for elucidation of the role of perturbative mechanism of the so-called rapidity gap events in 

HH). see for more details Ref. ||242|| 


e’''e annihilation (e.g. 


These new developments 


make the systematic detailed analysis of the colour-related effects based on the massive LEP-1 
statistics even more desirable. 


Finally, let us recall that the colour-related collective phenomena could become a phe¬ 
nomenon of large potential value as a new tool helping to distinguish the new physics signals 
from the conventional QCD backgrounds (e.g. pl| , p3| ). The reader is reminded that when the 
energy (hardness) of a process is increased, the amount of cascading is sharply rising. This 
leads to high particle multiplicities, and thus larger experimental challenges and complexities. 
For instance, for the LHC the expected mean charged multiplicity per event is above 100. This 
means that at nominal luminosity, any physics will have to be dug out among 4000 charged or 
neutral particles, e.g. |^. Therefore, the new ideas providing one with the analysis strategy 
that cuts away these backgrounds are very desirable. 


6.2 String/Drag Effect in qqg Events 


The first (and still best) example of the interjet colour-related phenomena is the string/drag 
effect in e’''e“ —> qqg. Since the new results based on the refined analysis of qqg events continue 


^®New ideas of how to incorporate the colour-suppressed terms into the Lund dipole cascade picture |234| 


were advocated in Ref. 


This opens a possibility 


to include the so-called “negative dipoles” into the 


ARIADNE Monte Carlo model 134 
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to pour out from the LEP-1 collaborations it seems useful to recall the main ideas 

of the perturbative QCD explanation of this bright coherence phenomenon. 


6.2.1 Interjet Particle Flows 


We consider first the angular distribution of particle flows at large angles to the jets in e’''e“ —>■ 
qqg. The more general case including the intrajet particle flow will be discussed below in 
subsection 6.3.3. 

Let all the angles between jets and the jet energies Ei be large (f = {H— 1} = {qQ9}) 
: 0+_ ~ 0+1 ~ 0_i ~ l,Fi ~ F+ ~ E_ r-u E Wj?). As was discussed above, within the 
perturbative picture the angular distribution of soft interjet hadrons carries information about 
the coherent gluon radiation off the colour antenna formed by three emitters (g, gandgf). The 
wide-angle distribution of a secondary soft gluon g 2 displayed in Fig. 6.1 can be written as 


SndN, 


Qqg 


Nc 


W±i (na) N'(Y^) = 


(1+) + (1-) - (H—) 






(6.1) 


Here the “antenna” {ij) is represented as 


( 0 ) = 




CLi j 


ttij = (1 - Uifij), Oi = (1 - usn*) 


( 6 . 2 ) 


and N'giYm) is the so-called cascading factor taking into account that a hnal soft particle is 
a part of cascade (see and subsection 5.2); furthermore, Ym = lnF0m/A, where one 

dehnes the angle 0 ^ = min{ 0 +, 0 _, 0 i} with cos 0 * = n 2 ni for i = —, 1 }. 

The radiation pattern corresponding to the case when a photon 7 is emitted instead of a 
gluon reads (cf. eq. |5.16|) 


SirdNqq^ 

d^n2 


1 


W^4n2)N'{Y^) 


2 Cf 


c 


i+-)N'(Yj. 


(6.3) 


The dashed line in Fig. 6.2 displays the corresponding “directivity diagram”, which represents 
the particle density ( |6.3|) projected onto the ggy plane: 


W+_(<^ 2 ) = 2Cf j 
V{a,i3) = 


d cos 0 ‘ 


- (H — ) — 2Cf Oj -\— h^(®) /3)) 

71 — a 71 — 13 


(6.4) 


COS a — cos {3 \ sin a sin {3 


; a = (P 2 , /3 = 0 +- 


q^2- 


Expression lT+_(n 2 ) is simply related to the particle distribution in two-jet events e’''e —^ 

g(p+) -|- g(p-), Lorentz boosted from the quark cms to the lab system. 

Replacing 7 by gi changes the directivity diagram essentially because the antenna element gi 
now participates in the emission as well. However, this change leads not only to an appearance 
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of an additional particle flow in the gi direction. Integrating Eq. (0) over 02 one obtains 

(7 = 01 + + (^ 2 ): 


ld±i(‘^2) = Nc 


a+iV{a,j) + a-iV{P,j) 


1 


a+_E(Q;, P) 


(6.5) 


Fig. 6.2 illnstrates that the particle flow in the direction opposite to f?i appears to be consider¬ 
ably lower than in the photon case. So, the destrnctive interference diminishes radiation in the 
region between the qnark jets giving a snrplns of radiation in the q—g and q—g valleys. One eas¬ 
ily sees that the colonr-coherence phenomena strongly affect the total three-dimensional shape 
of particle flows in three-jet events, practically exclnding the very possibility of representing it 
as a snm of three parton contribntions. 


Let ns recall here that, owing to coherence, the radiation of a soft glnon g 2 at angles larger 
than the characteristic angnlar size of each parton jet proves to be insensitive to the jet internal 
strnctnre: g 2 is emitted by a colonr cnrrent which is conserved when the jet splits. This is the 
reason why one may replace each jet by its parent parton with pj ^ 0. 


For a clean experimental verihcation of the drag phenomenon it was fonnd |^| to be con¬ 
venient to examine the fnlly symmetric qqg events (Mercedes-type topology), when n+n_ = 
f?+ni = U-fii. Contrary to the asymmetric conhgnrations, the Mercedes events are practi¬ 
cally nnbiased dne to kinematic selections. For illnstration let ns consider the fnlly symmetric 
topology and take n 2 pointing in the direction opposite to ui, that is, midway between qnarks. 
Then, neglecting the weak dependence Ad on 0, one arrives at the ratio (nnmbers for Nc = 3) 


dNggg/dn 2 _ A^Q " 2 

dNgq^/dn2 2{N^-1) 


( 6 . 6 ) 


The corresponding ratio for the projected particle flows obtained from (|6.4|) and (|6.5|) reads 


dNggg/dip2 _ 9N^, - 14 

dNgg^/dip2 ~ 14(iV2-l) 


Ri 0.60. 


(6.7) 


We emphasize that Eq. (|6.1|) provides not only the planar pictnre, bnt the global three- 
dimensional wide-angle pattern of particle flows. 


For qqg events, owing to the constrnctive interference, the radiation is strongly enhanced 
in the q — g and q — g valleys: for the Mercedes-like conhgnration midway between the jet 
directions one arrives at the asymptotic ratio 


dN(^gg)/dn2 _ 5A^g - 1 
dN(^gg)/dn2 2N‘l;-4 


( 6 . 8 ) 


The projected particle flow ratio for the same conhgnration is given approximately by 


dN(^gg)/dip2 _ 15(5A^^ - 1) 
dN^gg)/dip2 ~ 4(9iV2-l4) 


(6.9) 
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As can be seen from ( |6.7|) and (^) the effect in the projected flows is smaller than in the 
differential flows of flb.GIl and 


It is worth noting that the destructive interference proves to be strong enough to dump the 
particle flow in the direction opposite to the gluon to even smaller values than that in the most 
kinematically “unfavourable” direction, which is transverse to the event plane. The asymptotic 
ratio of these flows in the case of Mercedes-like qqg events is 


( dN^y Nc + 2Cf 
~ 2{4Cf-Nc) 

In the case of ggy events this ratio is 

( dN^ y ^ 1 


( 6 . 10 ) 


( 6 . 11 ) 


It is of interest to test the ratios (|6.10|) , (|6.11|) experimentally. 


For hadron states associated with the qqg and ggy events the ratios of particle flows given 
by Eqs. ( |6.6| - b.ll|) should remain asymptotically correct, since non-perturbative hadronization 
effects are expected to cancel at very high energies. It is an interesting question, to what extent 
the non-perturbative effects are important at present energies for a quantitative description of 
the data. 


6.2.2 Perturbative and Nonperturbative Effects and Colour topology 

Thus, the analysis of the bremsstrahlung pattern clearly demonstrates particle “drag” by the 
gluon jet gi- If one drops the colour suppressed contribution, the two remaining terms in 
Eq. ( p.l|) may be interpreted as the sum of two independent (1-I-) and (1—) antenna patterns, 
boosted from their respective rest frames into the overall qqg cms. The point is, that by 
neglecting the 1/A"^ terms, the hard gluon can be treated as a quark-antiquark pair. In this 
approximation each external quark line is uniquely connected to an external antiquark line of 
the same colour, forming colourless qq antennae. In the general case, when calculating the 
resultant soft radiation pattern, one can only deal with a set of such colour-connected qq pairs 
because the interference between gluons emitted from non-colour-connected lines proves to be 
suppressed by powers of l/A"^ |2^. 

Along this line of reasoning the depletion of the q — q valley is a direct consequence of 
Lorentz boosts. Such a scenario reproduces literally the explanation of drag/string effect given 
by the standard Lund string model where particles are created from the breakup of a 

colour flux-tube stretching from the quark to the gluon and from the gluon to the antiquark, see 
Fig. 6.3. Notice that within the latter model there is no string piece spanned directly between 
the quark and antiquark, no particles are produced in between them, except by some minor 
“leakage” from the other two regions. 














So, one sees that for qqg physics, as well as in many other cases, the Lund string scenario 
provides an excellent picture for reproducing in the large Nc limit the QCD phenomena that 
reflects radiophysics of particle flows. Let us emphasise that the interjet coherence is a 
purely perturbative phenomenon and the string effect is a non-perturbative one, but both 


have one important phenomenon in common, namely a respect for the colour flow topology of 
events. 

However, at some point signihcant differences should certainly manifest themselves (e.g. 
P3). First of all, one might expect a serious discrepancy between QCD and the string model 
when studying some specihc phenomena where colour non-leading contributions dominate. 
Thus, if the q and q in three-jet events are close to each other, the colour-suppressed term 
(negative antenna (H—) in Eq. ( p.l| )) is kinematically enhanced, and is no longer negligible 
(see subsection 6.4). A discriminative test between the string picture and perturbative scenario 
can be provided by the dependence of the multiplicity flow on the particle mass rrih or 
(momentum out of the event plane) pO|J243|| . First of all, let us notice that the canonical string 
scenario predicts a larger drag for heavier hadrons and for particles carrying a larger momentum 
component perpendicular to the event plane, The reasons are the following. The Lorentz 
transformation of momentum p) along the boost direction is given by 


n.-u.D 


T-^('n-'n -L 


where ub is a unit vector in the boost direction, 7 ^ and (3b denote the 7 -factor and the boost 
speed, and Ei stands for the particle energy. Whereas in the cms the momentum components 
PiUB have both signs with equal probability, the positive sign dominates after the boost and 
more particles are dragged into one hemisphere. Since -|- m? and pj = (pj"")^ + (p°“Q^, 

the effect becomes larger as rrih or p^“* gets larger. In addition, massive resonance decays are 
expected to influence the particle flow in the out-of-plane direction. For low p^“*, and at lower 
cms energies, the decay products do not always follow the direction of the parent particle, and 
the drag effect may be diluted. 


Within the perturbative approach there are no reasons to expect any substantial enhance¬ 
ment for subsamples with large p)j“* or rrih since, provided the energy is high enough for QCD 
cascades to dominate, the yields of hadrons with different masses should be similar. In what 
concerns the p)(“* dependence, even an opposite statement could be made: with increase of p))“* 
one leaves the event plane and the ratio of QCD motivated particle flows in q — g and q — q 
valleys can be easily shown to approach unity instead of becoming larger . 

The hrst lower energy data [p29|J23CI|| demonstrated that the string effect was enhanced by 
increasing mh or pj)“L If interpreted in terms of a Lorentz boosted string, this enhancement 
would be of the same strength at all c.m. energies, given hxed angles between jets. As discussed 
above, within the perturbative picture no enhancement is expected at high energies for the 
subsamples with large rrih or p^“*. While the subasymptotic effects may play an important role 
at low energies, ultimately the perturbative picture prevails at higher energies. For illustration, 
we present in Fig. 6.4 the energy evolution of the particle flow ratios calculated within the 


87 










ARIADNE model (|^), which contains both soft-gluon emission and string fragmentation. 
One can easily see that the perturbative regime here becomes more important than the string 
fragmentation already at LEP-1 energies. Such a test reflects mainly the cascading property of 
the perturbative picture. 


A somewhat different way to distinguish the (semihard) perturbative and non-perturbative 

Hig, 


predictions was proposed in Refs. 


The idea is as follows. Consider a “symmetric” 


3-jet event and denote by Eqg{Eqq) the energy flow midway between the q and g (between 
the q and q) directions. In the string picture, Eqg and Egg are essentially independent of the 
cms energy. In the perturbative framework, on the other hand, because of gluon emission one 
expects Eqg,Eqq ~ UgW. The energy difference 


AE = Eqg{W) - Eqq{W) = Cl + ^2 IE 


( 6 . 12 ) 


would illustrate the contrast between the two approaches. The presence of both these terms 
in the data would demonstrate the coexistence of the complementary contributions. Needless 
to say, the experimental problems in the case of both tests discussed above are considerable. 
Nevertheless, such measurements are of salient importance since they could provide one with 
some clue to how to discriminate between the perturbative and non-perturbative stages. 


As shown in Ref. ||147|| , a new manifestation of the QCD wave nature of hadronic flows arises 
from studying the double-inclusive correlations of the interjet flows in e+e“ —>■ qqg. The point 
here is that one faces such subtle effects as the mutual influence of different qq antennae. As a 
result, one finds: 

d‘^N , (EN dN , dN , , 

/ - 37 ^ < 37 ^/ 37 ^— ( 6 - 13 ) 


see 


dfli+dQi- dfl+-dQi- dfli+ dQ+- 
147|| for further details). Here {ij) denotes the direction midway between the partons 


i and j. Such effects cannot be mimicked by the orthodox Lund string model. Only more 
sophisticated dipole formalism ||234|| for the Lund Monte Carlo may reproduce them. 


Finally, let us mention that colour coherence also leads to a rich diversity of collective 
drag effects in high-p^ hadronic collisions (see Refs. PT| , P2| , P5| , |148| , |149|| ) and in Deep-Inelastic 
scattering [p45|| . One of the brightest examples is the colour drag in high-p^ processes, such 


pair, W, Z production, where a colourless object is used as a trigger 


6.3 Particle Flow Structure in Multijet Ensembles 

6.3.1 QCD Portrait of Multijet Events 

As we discussed above, the collimation of the intrajet QCD cascade around the parent par- 
ton becomes stronger as the jet energy increases. If one keeps the angle between the two jets 
fixed, then with the increase of the total energy these jets become more and more distinguish¬ 
able experimentally. Moreover, the collimation of an energy flux grows much more rapidly as 






























compared to a multiplicity flow. Therefore, at asymptotically high energies each event should 
possess the clear geometry, that reflects the topology of the final hadronic system in terms of 
partons which participated directly in the hard interaction. The inclusive space-energy portrait 
of events represents a natural partonometer for registration of the kinematics of the energetic 
parent partons. While the hard component of a hadron system (a few hadrons with energy 
fraction z ^ 1) determines the partonic skeleton of an event, the soft component (hadrons with 
z <^1) forms the bulk of multiplicity 


11 , 11,147 


Closely following the radiation pattern, associated with the partonic skeleton, the soft com¬ 
ponent is concentrated inside the bremsstrahlung cones of QCD jets. Theoretically, the opening 
angle of each cone ©o is bounded by the nearest other jet, since at larger angles 0 > ©o particles 
are emitted coherently by the overall colour charge of both jets. As the result, the total pertur¬ 
bative multiplicity is given by the additive sum of the contributions of the bounded individual 
jets. 


The interjet hadrons which at present energies form a sizeable part of the total event mul¬ 
tiplicity are distributed according to the colour properties of the event as a whole. Therefore, 
as a matter of principle, they cannot be associated with any particular jet. As a result, any 
attempt to force particles to be assigned to a certain jet in an event may cause some problems. 

As higher energies are attained the purely inclusive and calorimetric characteristics for 
quantitatively dealing with hard collisions become preferable to organizing the event according 
to a certain number of jets (see e.g. |^). There is in general a direct correspondence between 
the jet directions and energy flux directions, so that one may naturally study the jet shapes and 
any other characteristics of the hadronic system by introducing inclusive correlations among 
energy fluxes and multiplicity flows. In this case when studying the interjet effects one really 
does not need to apply the event selection procedures or jet finding algorithms. The normalized 
inclusive quantities are free from soft and collinear singularities, and are therefore well controlled 
perturbatively. In subsection 5.2 we have presented in detail the results for the azimuthal angle 
of two particles in one jet, the Energy — {MultiplicityY Correlation {EM'^C). 

As the simplest example of the multiplicity flow in two-jet events of annihilation 

consider the single-particle angular distribution. Its study is accessible through an {Energy^ — 
Multiplicity Correlation {E'^MC) 


dN 

dVLfi 


0-2 


^ f dEadEbdEfi 

<i,b 


_ EgEb das _ 

(72 dEgdEbdEfi dVtgdVLbdVLfi ’ 



EgEb da2 
dEadEb dQgdflb ’ 


Ub 


-n„ 


(6.14) 

(6.15) 


where the sum goes over all particle types. The energy weighted integrals over Eg and Eb, at 
fixed angular directions Hg and Hb ~ —Ug, specify the “jet directions” about which one has an 
associated multiplicity distribution at variable angular direction n{Q). The cross section (|6.15| ), 
describing the correlation between two back-to-back energy fluxes {EEC), contains the known 
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double logarithmic form factor (see [^| and Refs. [58,|^), that reflects the natural disbalance 
of the jet direction, caused by gluon bremsstrahlungcZ. 

The same angular distribution may be studied in terms of a more simple double-inclusive 
correlation between the energy flux and the multiplicity flow {EMC) 


dN2 

dQfi 





dE(i dEfi 


Eg da2 

ai dEgdEfi dVLgdVL^ ’ 



dEg 


Eg dai 
dEg dVtg ’ 


(6.16) 


The point here is that the main contribution also comes from the two-jet sample whose kinemat¬ 
ics is practically hxed by the choice of the direction fig. The difference between the distributions 
( |6.14j) and ( |6.16|) occurs only when the angular direction n is taken parametrically close to the 
backward “jet axis”, n k, —ng. In this case the shape of the distribution (|6.16|) near n = Ug 
becomes somewhat wider due to the natural “shaking” of the non-registered jet in QCD. A 
typical “shaking angle” can be estimated ||246|| as Qgh ~ (A/IT)^, where ^ = b/{b + ACF) ~ 0.64 
for n/ = 3 active flavours. A Monte Carlo study of the EMC has been presented in Ref. 
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The drag effect physics becomes accessible through a more complicated example, E^MC, 
which in terms of the inclusive approach proves to be a proper characteristic of the spatial 
distribution of the multiplicity flow in qqg events p3| ,|147|| , see also below. Some other examples 
of practical interest for the experimental studies of colour coherence phenomena based on the 
inclusive particle angular correlations were discussed in subsections (5.2-5.5). 


In the general case multiple correlations of the “i?"M^C'-kind” can be introduced. This 
means that one should £x jet directions with help of energy fluxes, and then consider 
correlations between 7 )^/? multiplicity flows. The procedure of normalizing to a given energy 
conhguration will ensure that results are hnite and well-behaved. 


6.3.2 Particle Distribution within Restricted Cone 

A specihc application of the inclusive particle correlation approach concerns studying the par¬ 
ticle spectra within restricted jet opening angles [^,^]. Recall that according to Eq. (|3.36|) 
the energy E^gx at the peak of the inclusive particle spectrum grows rather slowly with jet 
energy E (for the limiting spectrum even at E 1.5 TeV the value of E^gx reaches only about 
3 GeV). To explore the intrajet coherence origin of the hump-backed particle spectrum and in 
an attempt to observe the depletion in its soft part for jets produced in hadronic collisions, it 
proves to be important to study the particles restricted to he within a particular opening angle 
with respect to the jet. For example, one might consider the energy distribution of particles 
accompanying the production of an energetic hadron and lying within a cone of half-angle 0 

^"^The EEC and its asymmetry {EECA) have proved to be very useful in testing fundamental quantities 
of perturbative QCD such as the running coupling constant (see e.g. iii)- But because of their resulting 
emphasis on the earliest branchings, they are not convenient for the investigation of the colour coherence effects. 
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about the direction of the trigger particle momentum. There are some important advantages of 
this type of studies. First of all, one examines here the energy (hardness) evolution of the inclu¬ 
sive spectrum in the same experiment, avoiding the potential additional problems caused by the 
possible difference in normalization of different experiments. Secondly, the flavour composition 
of the primary quarks does not change here. These, for instance, allow one to perform the 
searches of the possible energy dependence of the normalization factors in particle spectra. 


see (|3.75|) . 

Parton cascades in this situation will populate mainly the region 


rrih 
sin 0 


< Eu < E 


(6.17) 


with Eh and ruh being the energy and the effective mass of the observed particle {rrih — Qo ~ A). 
The maximum of the distribution, in Eh, is now forced to larger energies 
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2 rrih sin 0 
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16Nc A 


(6.18) 


This equation corresponds to Eq. (|3.58| ) for the truncated cascade; a similar equation can be 
easily obtained for the limiting spectrum if r = E in ( |3.36| ) is replaced by Y©. 

By choosing moderately small values of angle 0 and varying E, one arrives at the “moving 
peak” in accordance with the relation 


E dE„ 


dE 


- B 


IGNcYq 


Ye = In 


Esin 0 
A ■ 


(6.19) 


The angular cut 0 is especially useful for jets produced in hadronic collisions, since one is able 
to eliminate much of the soft background. 

The “restricted cone” physics could, in principle, be studied without exploiting any specihc 
jet-hnding algorithm in terms of EMC. As discussed in the distribution of particles which 
are emitted into a cone of aperture 0 around the “jet axis” can be dehned as 


_0 1 /■© 

E°(x,E) = - dQ 
E Jo 


12 


EidEi / dEs 


dcr2 ^ ^ E 2 

adEidE2dQi2 \ E 


( 6 . 20 ) 


As was discussed in detail in sections 2 and 3, in the case of restricted cone physics the 
actual hardness parameter at 0 <C 1 is Q = Ej^fQ. This fact lies in the very heart of the 
angular ordered parton branching. Recently the CDF collaboration at TEVATRON |p47|| has 
presented the preliminary results of the hrst studies of the inclusive momentum spectra of 
charged particles in jets for a variety of dijet masses (80-600 GeV) and opening angles (0=0.168- 
0.466). These new data agree very well with the MLLA expectations. In particular, it is clearly 
demonstrated experimentally that the appropriate evolution variable in the QCD cascades is 
indeed Q = EjetQ- 
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6.3.3 Multiplicity Flows in Three Jet Events in MLLA 


Let us now come back to the multiplicity flows corresponding to the qqg sample of e+e“ annihila¬ 
tion. The description of the QCD spatial portrait of this simplest multi-jet system including the 
next-to-leading MLLA-corrections of the order of is presented in detail in Refs. [p3| , ^ , p!T7[ . 
Here we compare particle flows in qqg and qq'y events and in the next subsection the respective 
total event multiplicities. 


Usually this type of analysis is carried out experimentally with a sample of three-jet events 
obtained from a particular jet algorithm for a given resolution scale. Alternatively, one can 
follow the inclusive approach (see subsections 5.2 and 6.3.1) which avoids such a selection 
procedure. In terms of the inclusive approach a proper characteristic of the spatial distribution 
of the multiplicity flow is E^MC : 
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dEadEbdEc dVLadVLbdVLc 


( 6 . 21 ) 


where the sum runs over all particles. This represents an angular correlation between the three 
registered energetic particles (a, h, c), moving in the directions Ha, Hb and and the multiplicity 
flow around the direction n as shown in Fig. 6.5. When all three vectors Ha,nb and He are in 
the same plane, the main contribution to dAi comes from the qqg configuration of the primary 
parton system. 

In the practical application of the inclusive method one would define the three jet directions 
within some angular size 5 (say, about 10-20 degrees around each direction) and select all triples 
of particles in an event which hit these angular cones. All these configurations contribute with 
the weight EaEbE^ whereas a forth particle is counted in direction H without a weight. 

In what follows we do not refer to a particular analysis method but consider the soft radiation 
in the qqg system for three given angular directions. 

In the leading order in the massless parton kinematics is unambiguously fixed as follows: 


n+ ~ n, 


H_ ^ Hb, 


rii 


ric. 


x+ 


sin 0i_ 
E sin Qij ’ 


sin 01 + 

^ • r\ 1 

E sm 0ij 


2 sin 0+_ 
E sin Qij ’ 


( 6 . 22 ) 


a: -|- x_ -f xi = 2, 

with Xi = ‘lEijW being the normalized parton energies and 0jj the angles between partons i 
and i{+, — = g, g; 1 = gi). We emphasize here, that, owing to intrajet coherence, the radiation 
of a secondary gluon ^ 2(^2 -C Ei) at angles larger than the aperture of each parton jet is 
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insensitive to the jet internal structure. Note that, in principle, corrections due to the mass 
effects in the case of 6-initiated jets should be introduced. However, in practice, such corrections 
are found to be rather small, see e.g. ||144 . 


Let us start from the radiation pattern for gg 7 events. In subsection 6.2.1 we considered 
the radiation at large angles to the jet directions, here we include the small angle radiation in 
the MLLA. The angular distribution of particle flow can be written as 


+ —N',(Y^.,Yj) + 2/+_]V;(F), 

(jj\ uifi ^_ 


(6.23) 


where 


F,(g) = in^^, = In 
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= (+^) - T - T = ~ 
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(6.25) 


The factor N'^{Yi,Y) = (d/dYi) NA{Yi,Y) takes into account that the hnal registered 

hadron is a part of cascade {cascading factor), cf. subsection 5.2.2. NA{Yi,Y) stands for the 
multiplicity in a jet A{A = q, g) with the hardness scale Y of particles concentrated in the cone 
with an angular aperture 0j around the jet direction flj. In the above = 1 — nfii, n_|_ 

Ha, ri- ~ fife. To understand the meaning of the quantity NA{Yi,Y) it is helpful to represent 
it as 


Na{Y.,Y) 


Ae = ^ ln{Y/Y,) 


^ [' dzzD^{z,AONB{Y,), 

B=q,9 -^0 

Yi = Yi + \nz = In 



(6.26) 


Here NsiXi) is the multiplicity in a jet with the hardness scale Yi, initiated by a parton B 

_ Q 

within the cone 0j, and denotes the structure function for parton fragmentation A ^ B. 

Eq. (|6.26|) accounts for the fact that due to intrajet coherence the radiation at small angles 
0j -C 1 is governed not by the overall colour of a jet A, but by that of a subject B, developing 
inside a much narrower cone 0*. 


For the emission at large angles (at¬ 
tire same, Eq. (|6.23|) reads, cf. Eq. 


a_ 


~ 1) when all the factors N' are approximately 


8^^ = 2(+=)]V;(ln£/A). 


(6.27) 


The cascading factor here can be presented as, cf. Eqs. CT), (CT 
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93 






















One can easily see that for the radiative two-jet events the emission pattern is given by the qq 
sample Lorentz boosted from the quark cms to the lab system (i.e. the cms of ggy), and the 
corresponding particle multiplicity should be equal to that in —> qq at = {pq +Pq)^. 

Now we turn to the three-jet event sample when a hard photon is replaced by a gluon gi. 
For a given qqgi conhguration the particle flow can be presented 


SndN, 




dVtf 


Qjj^ CL_ CLi 
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(6.29) 


where, in addition to the dehnitions in Eq. ( |6.24|) one has 


F = In — 

-'5 A ’ 


F,i = In 


A 


(6.30) 


This formula accounts for both types of coherence: the angular ordering inside each of the jets 
and the collective nature of the interjet flows. The hrst three terms in Eq. (|6.29| ) are collinear 
singular as 0* —0 and contain the factors N', describing the evolution of each jet initiated by 
the hard emitters q,q and gi. The last term accounts for the interference between these jets. 
It has no collinear singularities and contains the common factor Ng{Y,Y) independent of the 
direction n. Eq. (|6.29|) predicts the energy evolution of particle flows in qqg events. It seems 
to be of importance to test experimentally this energy dependence, for instance, in the case of 
multiplicity flow projected onto the event plane. 

As follows from (|6.23|) - (|6.29|) when replacing a hard photon by a gluon gi, with otherwise 
identical kinematics, an additional particle flow arises 
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Note that for the case of large radiation angles both cascading factors N' become approximately 
equal and one has, cf. Eq. (0) 


f 8ndN \ 
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(6.32) 


An instructive point is that this expression is not positive dehnite. One clearly observes the 
net destructive interference in the region between the q and q jets. The soft radiation in this 
direction proves to be less than that in the absence of the gluon jet gi (see subsection 6.2). 


6.3.4 Topology Dependence of Mean Event Multiplicity 

Let us now come to the connection between the mean particle multiplicities in the two-jet and 
three-jet samples of annihilation. Recall that the particle multiplicity in an individual 
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quark jet was formally defined from the process e'''e —> gg —>• hadrons by (see sections 2, 3) 

'as(W) 


NX-{W) = 2iVf(E) 


1 + 0 


TT 


, W = 2E. 


(6.33) 


As we have already discussed when three or more partons are involved in a hard interaction 
the multiplicity cannot be represented simply as a sum of the independent parton distributions, 
but it rather becomes dependent on the geometry of the whole ensemble. 

So, the problem arises of describing the multiplicity in three-jet events, Nqgg, in terms of the 
characteristics of the individual g and g jets discussed above. The quantity Nggg should depend 
on the qqg geometry in a Lorentz-invariant way and should have a correct limit when the event 
is transformed to the two-jet conhguration by decreasing either the energy of the gluon gi or 
its emission angle. 

The angular integral of Eq. (|6.23|) can be easily checked to reproduce the total multiplicity. 


One can write Ngg^ as 
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Now let us transform this formula to the Lorentz-invariant expression. To do this we rewrite 

yq(l) = y + lnX+(_), X+(_) = Eg(^g-)/E 

and use the expansion 
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Here E* is the quark energy in the cms of gg, i.e. the Lorentz-invariant generalization of a true 
parameter of hardness of the process. 

The multiplicity Nggg can be written by analogy as 
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where Yg = Y + \n.x\. Proceeding as before one comes hnally to the Lorentz-invariant result 
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with 


y; = In, 


{p+p-){p-pi) , pi± 

^ 2(j9+J9_)A2 2A’ 


(6.41) 


with pix the transverse monientnm of gi in the qq cmsS. 


Comparing 


with (|6.40|), we see that replacement of a photon 7 by a glnon gi in this 


frame leads to the additional mnltiplicity 

N,(y;) = - N,-„(w) 


(6.42) 


which depends not on the gluon energy but on its transverse momentum, i.e. on the hardness of 
the primary process. Eq. (|6.40|) reflects the coherent nature of soft emission and has a correct 
limit when the event is transformed to the two-jet conhguration. For comparison with the data 
it looks convenient to rewrite (|6.40|) in terms of the observed multiplicity in e’''e“ collisions (see 
Eq. ( p.33| )) as 


N - = 


K+,-{2E*) + -C'^nPl±)^^e+e-(Pl±) 


(1 -|- 0 (Q!s)). 


(6.43) 


In this formula Cj^{W) denotes the ratio of multiplicities in gluon and quark jets at ams energies 
W which is presented within MLLA in subsection 3.2 and approaches asymptotically the value 
Nc/Cf = 9/4. Alternatively, one could use this formula to study the behaviour of C^(W) 
experimentally. 


The result ( |6.43| ) can be written in another form, which is found 
for studies of the properties of a gluon jet, namely 


to be convenient 


= l'Vj(n+) + iv,(r.-) + 2N,(yF) - ]v,(iv)l [i + 0(a,)i 


(6.44) 


where Yij = ln{^{piPj)/2A‘^) = ln{E*j/A). Such a representation deals with multiplicities 
of two-jet events at appropriate invariant pair energies Wij = 2,E*j in the {ij) cms frame. 
Expression ( |6.44| ) has a proper limit, 2Ng{W/2), when the qqg conhguration is forced to a quasi- 
two-jet one, g{8) +qq{8), with a sufficiently small angle between the quarks. The experimental 
tests of Eq. (|6.44|) should be performed with the tagged heavy quarks, see also Ref. [p.36| 
Analogously to (|6.43|) Eq. (|6.44|) could be presented as 
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^®Within the APA the observation that a gluon adds multiplicity related to its p± was done in |147|. Similar 


result was derived in the string length approach to the dipole emission picture 1248 . 
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6.4 Azimuthal Asymmetry of QCD Jets 


As has been already discussed in subsection 6.2, the treatment of the structure of final states 
given by the Lund string picture qualitatively reproduces the QCD radiation pattern only up 
to 0{1/Nq) corrections (the large Nq- limit). Such corrections are, normally, not taken into 
full account in all the parton shower Monte Carlo algorithms. The reason is that these terms 
often appear with a negative sign, or correspond to events with an undefined colour flow, and 
so it is not clear how to handle them in Monte Carlo shower simulations, e.g. (see, however, 
footnote 21). Normally, the omission is not drastic, but under special conditions 1/A"^ terms 
may become sizeable or even dominant [^. 

The simplest topical example is the azimuthal asymmetry of a quark jet in qqg events. The 
radiation pattern is given here by Eq. (|6.1| ). When all the angles are large the third term in 
( |6.1| ) (negative colour- suppressed antenna (H—)) leads to a small correction to the canonical 
string interpretation of the drag effect. However, if the q and q are close to each other, this 
term is kinematically enhanced, and is no longer negligible. 

The azimuthal distribution of particles produced inside a cone of opening half- angle ©o 
may be characterized by an asymmetry parameter: 
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For parametrically small ©o, one obtains (see Ref. for further details) 
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(6.46) 


(6.47) 

(6.48) 


The hrst colour-favoured term in Eq. ( |6.48[) describes the asymmetry due to the ‘boosted 
string’ connecting the q and g directions. The corresponding asymmetry vanishes with an 
increase of ©+i as the string straightens. Here, however, the second term enters into the 
game, forcing the asymmetry to increase anew, as shown in Fig. 6.6. This behaviour might be 
interpreted as an additional repulsion between particles from q and q jets. 


For a symmetric conhguration ©_|_i = ©_i = vr — ©+_/2, the colour-suppressed term in Eq. 
(|6.1|) prevails when ©+_ < 2 arctan(l/iVc) ~ 37°. To realize this effect, one has to select qqg 
events with kinematics, in which case the hard gluon moves in the opposite direction to the 
quasi-collinear qq pair. The above mentioned phenomenon can be studied experimentally by 
looking at the azimuthal distribution of particles around the identified quark direction, which 
can be done by tagging heavy flavour quark jets. 

An interesting vista (see Ref. |^) on the manifestation of the quantum mechanical effects 
concerns events with the initial state energetic radiation (the so-called ISR events). These 
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events correspond to the “radiative tail”. Here one would expect that perturbative QCD 
differs qualitatively from the string picture in predicting the asymmetry of the azimuthal quark 
jet profile when the additional soft gluon (particle flow) is emitted in the direction orthogonal 
to the ggy plane, see Fig. 6.7. This leads to a characteristic manifestation of the QCD wave 
nature of hadronic flows. 

In the ISR events the jet topology is well defined since a hard photon is emitted in the 
direction along the colliding beams and the qq system arises from the Z decay. In the case of 
additional soft radiation the QCD antenna pattern is given by Eq. (|6.1j) with the appropriate 
kinematics of the colour emitters as illustrated by Fig. 6.7b. 

For small ©o values the contribution of the (H—) antenna to (AiV)as is proportional to 


1 

Nl- 


TT / " 


(6.49) 


(0q = ©+_), while the nonsingular (colour- favoured) antenna (1—) produces only a paramet¬ 
rically small correction [/S.N)as ~ ©o (antenna (1+) does not contribute the asymmetry at 

all). 


Neglecting this contribution one obtains for the symmetric configuration (c.f. Eqs. (|6.47|) , 
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1 2©o . /, T,T <^s{EQq) ^ Qq _ 1 4 \ 

o 


^qqg{Qo) 


Nl n 




(6.50) 


Here the parameter Aqq{Qo) describes the asymmetry of a quark jet in the standard ISR 
events, see Fig. 6.7a. 


Let us emphasise that just the colour-suppressed term (which is normally not included in 
Monte Carlo simulation programs) governs the overall asymmetry Aqqg. It is of importance that 
the 0{1/Nq) term produces a negative asymmetry opposite to the small positive one due to 
the colour-favoured contribution. Therefore, the perturbative scenario differs here qualitatively 
from the canonical string picture. 


Accounting for both negative and positive contributions to Ag-gg^Qo) leads to the conclusion 
that for small angles ©o the asymmetry is maximal (of the order of 2%) when ©o/©q ~ ^/Nc- 
In the general case when a gluon is not orthogonal to the qqg plane one can consider the g-jet 
asymmetry with respect to the qg plane. 


Experimental study of the asymmetry Aggg could be performed, e.g. by looking at the energy- 
energy-multiplicity-multiplicity (energy-multiplicity-multiplicity) correlations [p^ , p.98|| in the 
ISR events. It is worthwhile to mention that the underlying physics here is the same as in 
the case of “boosted” Z^ events. However, in the latter case one will need to deal with the 
nontrivial phase space for the registered particles. 

The azimuthal asymmetry of produced jets is certainly not specific to 3-jet events of 
annihilation. Similar phenomena should be observed, e.g. in high-p^ hadronic processes (see 
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Ref. |]39| , ^ for further details). The qualitative difference between the predictions of QCD and 
its large-iV( 7 -hmit proves to be most spectacular in the case of pp scattering with identihcation 
of the scattered q-jet. The asymmetry, predicted for the case of tagged g-jet is shown in Fig. 
6 . 8 . As is easily seen, in the region of cms scattering angles, 70° < ©5 < 110° QCD predicts 
A = -|-(4 : 7)% at ©o = 30° unlike the opposite sign effect A = —(2.5 : 1.5)%, originated from 
the large A'^c'-treatment of QCD formulae (‘string-motivated’ approach). 


7 Experimental Tests of Colour-Related Phenomena 


In this section we focus mainly on the new experimental evidence of the interjet colour coher¬ 
ence effects from the recent LEP-1 experiments ||137| , [252| , ^53| , |254| , p!T5| , |144|| , for reviews see also 
. The main lesson from these impressive studies is that now we have (quite successfully) 
entered the stage of quantitative tests of the details of colour drag phenomena. Owing to the 
massive LEP-1 statistics one may perform the further detailed analysis allowing discriminations 
between the non-perturbative (Lund string [^,^|) and perturbative [Q interpretation of the 
celebrated string/drag effect. 


7.1 Comparison of the Particle Flow in qqg and qq'y events 


It has long been known that comparing the particle flows in three- jet multihadronic events 
with those in events with two jets and a hard isolated photon provides one with a very powerful 
method for studying the interjet collective phenomena. As was discussed in subsection 6 . 2 , a 
reduced particle density is anticipated in the region between the two quark jets in qqg events, 
relative to the density between the two jets of qqp events. The obvious advantage of this method 
is that both the interquark regions are compared directly, the only difference being that the 
other hemisphere of the event contains either a gluon or a photon. Unlike other methods, this 
one is not sensitive to differences between narrow q and broad g jets. The event selection is 
assumed to be done in such a way that the two samples are kinematically similar. 

The hrst experimental studies of the interjet colour coherence using this model indepen¬ 
dent approach were successfully performed at PEP/PETRA energies about a decade ago 
|249| , p50| , p51|| . Here we shall concentrate only on the new development based on the recent 
analysis of the LEP-1 data 


7.1.1 Further Evidence for Particle Drag 

All experiments have performed rather similar analyses. They compare the particle flow of qqg 
and qq'y events in the region between the q and q. Care is taken that the qq systems be directly 
comparable. The present data clearly demonstrate the predicted signihcant decrease in particle 
density in the angular region between quark and antiquark jets for qqg events as compared with 
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qq'y events. Meanwhile, the incoherent shower Monte Carlo models show a large disagreement 
with the data. 


Fig. 7.1, taken from the OPAL Collaboration ||253|| , illustrates the results of direct compari¬ 
son of the particle flow in the interquark region for qqg and qq'y events. In this experiment the 
jets of the qqg and qq'y samples were ordered in decreasing energy. The jet of lowest energy in 
the 3-jet event is then taken as the gluon jet which is correct for 80% of the events according 
to Monte Carlo studies. The gluon jets in Fig. 7.1 are seen as a hump above 180° (the position 
of the hump depends on the value for the jet parameter ijcut used). The relative density of 
particles in the qq valley (in particular around 50° — 110°) is markedly smaller in the case of 
qqg events (open points) than in the case of the qq'y events (solid points). The ratio of densities 
Ri 2 between jets 1 and 2 is found to be 0.71 ± 0.03. 

Lepton-tagged qqg events were used to enrich the purity of the gluon jet sample. This 
technique provides a clear discrimination between the gluon and quark jets (at the cost of a 
large loss in statistics). In this case the suppression effect becomes larger with Ru = 0.60±0.03. 
Correcting for misidentihed gluon jets with the help of 0(Q!g) matrix element calculations [ 188 
as implemented in the JETSET [Q Monte Carlo yields Ru = 0.51 ± 0.03. 


The L3 Collaboration ||252|| has performed the comparison of the particle flows in the qq 
centre of mass frame and quantihed the effect of particle drag by the ratio R^ of the integrals of 
the flow distributions between 54° and 135°. It was found that, in agreement with expectations, 
the ratio Rn is signihcantly less than unity and decreases with increasing gluon identihcation 
purity. The numerical values of Rn are well reproduced by the WIG’ged Monte Carlo models. 

WlG’ged event generators describe the experimental Endings perfectly well when the colour 
flow is respected both in the perturbative and the non-perturbative phases. Monte Garlo 
shower models fail if either or both of these requirements are relaxed, for example, by assuming 
incoherent parton evolution or applying independent jet fragmentation models ||252|,p53| , p.44| , p!2 


Finally, let us note that both L3 ||252|| and OPAL p53|| have studied the dependence of the 
colour drag on out-of-plane momentum p°“*. In agreement with the predictions of Refs. [p0 ip43| 
(see also subsection 6.2) the dependence on p°“* was found to be significantly weaker than at 
lower energies. Recall that the dependence of the magnitude of the string/drag effect on p°“* 
(and registered particle mass) has to vanish asymptotically in the perturbative approach. 


7.1.2 Comparison with Analytical Calculations 


OPAL |P53|| has performed the first fit of the observed charged particle flow distributions to 
the analytical perturbative formulae, see Fig. 7.2. The experimental data were corrected for 
detector effects and for gluon purity using a Monte Carlo model |03, 188|] . In this comparison 
with the data the large-angle emission formulae of Ref. [^ (see also subsection 6.2) were used 
and not the complete expressions of Ref. ||147| , ^, ^ for particle flow distributions at arbitrary 
angle. To account for the intrajet cascading effects Gaussian distributions of particles around 
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the quark jet positions have been added to the perturbative formulae (|6.4|) , (|6.5|) . In this way a 
qualitative description of the experimental results has been obtained. However, the separation 
of the qq'j and qqg data points appears to be larger in the data than in the hts. The comparison 
between theory and experiment will certainly be most transparent if the jets are identihed by 
experimental methods and if not too different jet topologies are averaged over. 

A step in this direction has been done recently by the DELPHI Collaboration [ 144 | which 
has performed the hrst quantitative verihcation of the perturbative QCD prediction for the 


ratio 


Ry = 


Nqq{qqg) 


(7.1) 


Nqq{qqi) 

of the particle population densities in the interquark valley. For a clearer quantitative analysis a 
comparison was performed for the H-shaped symmetric events using the double vertex method 
for the g-jet tagging. The observed normalized differential particle flows are depicted in Fig. 7.3 
as a function of the angle T of the particle to the g-j^f direction. The ratio R-^ of the charged 
particle flows in the qq angular interval [35°, 115°] was found to be 


= 0.58 ± 0.06. 


(7.2) 


This value is in a fairly good agreement with the expectation following from Eqs. (0) and 


(|6.5|) at Nc = 3, for the same angular interval 


R. 


th 


0.65NI - 1 


0.61. 


(7.3) 


(Note that this ratio is slightly larger than the one predicted for Mercedes type events in (6.6)). 
The string effect is quantitatively explained by the perturbative prediction and the above ratio 
does not appear to be affected by hadronization effects in an essential way. 


7.2 Studies of the Properties of 3-Jet Events 

As was shown in subsection 6.2 interjet colour coherence causes destructive interference in the 
region between the q jet and the q jet and constructive interference in the region between the q 
jet and the g jet. Experimentally this phenomenon is studied by exploiting the same techniques 
that are used in the measurements of quark-gluon differences, see section 3. An observation of 
the larger particle flows between the quarks and the gluon than between the two quarks was 


the original method of demonstrating the string/ drag effect (see [2^| and further references 


m 


The phenomenon has been studied vigorously by all four LEP-1 collaborations. In particu¬ 
lar, OPAL ||137|| was the hrst to report on a model independent evidence for the particle colour 
drag, using quark tagging in the symmetrical 3-jet events. The method of anti-tagging gluon 
jets in the symmetric qqg event topologies has been successfully applied since then (see e.g. 

®i)- 


1441 and reviews 
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7.2.1 Phenomenological Results and Monte Carlo Models 


Recently ALEPH [P54 | has performed a detailed study using all 3-jet events selected from a 
large sample of hadronic Z-decays by the fcj,/ Durham ||180|,p.83|| algorithm. A surplus of the 
particle population in the q — g valley has been demonstrated quite convincingly. The ratio 
Rg = Nqg/Nqq of tile partlcle yield in the qg and qq interjet regions has been measured for 
different regions in the Dalitz plot of the 3-jet events. Kinematic regions with the highest gluon 
jet purity gave the largest effect ~ 2. 


The results [p54|| are found to be in good quantitative agreement with the WIG’ged Monte 
Carlo models. Moreover, the data allow us to conclude that colour drag is present already at the 
perturbative stage. In some models the parton level results on their own without hadronization 
already come close to the data, in others the perturbative stage can be responsible only for 
part of the effect. Here one should remember that the parton level calculations refer to a 
cut-off parameter Qq which is larger than that required in LPHD applications {Qq ~ 1 GeV 
in JETSET P3| , |254|| , for example). One may expect that the string effect would increase for 
decreasing Qq as it does for decreasing mass of the hnal state hadron (see next item). The 
incoherent shower Monte Carlo models give much too low Rg values. 

Identihcation of charged hadrons and p) has allowed ALEPH ||254|| to study mass 


dependence of the interjet Rg values. In full agreement with the perturbative expectations 
(see also subsection 6.2) there is no strong mass dependence at LEP-1 energies. How¬ 
ever, a systematic increase of the string effect (increase of Rg) with decreasing hadron mass is 
observed (see Fig.7.4). This trend is not expected from the string hadronization models which 
would rather predict a decrease or no effect for the bulk of the particles (with momenta p < 500 
MeV [p54|| ), see also Fig. 6.4. 

The string effect and colour coherence not only affect the particle production in between 
the jets but also inside. Thus it was shown ||254|| that the “jets are crooked” |^: if a quark jet 
direction is reconstructed in qqg events, then there is a tendency for high-momentum particles 
to be found on the side away from the g jet and low-momentum ones on the side towards the 
g. The latter is what could be expected from the soft emission by the colour antenna/dipole 
spanned between the q and the g (see subsection 6.4 and Ref. |^^); the former then follows as 
a consequence of the jet direction being found as an average. 

If one allows for arbitrary 3-jet kinematic conhgurations new information can be obtained 
about the evolution of the event portrait with the variation of event topology, see subsection 6.3. 
In particular, ALEPH |p.43|| has demonstrated that, in agreement with the QGD radiophysics 
P3| , the mean event multiplicity in three jet events depends both on the jet energies and on 
the angles between the jets. These ALEPH results clearly show the topological dependence of 
jet properties which are predicted [[147|] in formulae ( |6.40| ) and (|6.44|) . 


7.2.2 Comparison with Analytical Predictions 


An instructive analysis has been performed by DELPHI ||144|| who studied the threefold sym¬ 
metric (Mercedes-like) events using the double vertex tagging method. It is shown that the 
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string/drag effect is clearly present in these fully symmetric events and it cannot be an artefact 
due to kinematic selections. The azimuthal angle dependence of particle density in the event 
plane is shown in Fig. 7.5. Quantitatively, comparing the minima located at ±[50°, 70°], the 
particle population ratio Rg = Ngg/Ngg in the q — g and q — q valleys is measured to be 


j^exp ^ 2.23 ± 0.37 


(7.4) 


for the fc^/Durham ||180|,|183|| jet dehnition. 

This is to be compared with the asymptotic prediction Rg = 2.46 for projected rates at 
central angles in (|6.9|) whereas for the above angular interval one hnds 


R 


th 


2.4. 


(7.5) 


in good agreement with the experimental value. This number (|7.5|) is obtained from the pre¬ 
diction for the full angular distribution ||147|| , see section 6.3.3, which is also shown in Fig. 
7.5 with the normalization adjusted. The calculation takes into account both the interjet and 
intrajet coherence. As can be seen, the relative depth of the two valleys between the jets is 
well reproduced. Also reasonable is the distribution around the gluon jet direction. On the 
other hand, more particles than expected are found within the quark jets. In part this is a 
consequence of using in the calculation the asymptotical value 4/9 for 1/C^, which, as we have 
already discussed, is approached rather slowly from above. Despite these shortcomings, the 
main effect, the ratio Rg of particle densities in the valleys between the two types of jets, has 
been correctly predicted by the APA. 

Another prediction concerns the beam energy dependence. At a higher energy the angular 
density in Fig. 7.5 gets essentially multiplied by an overall factor ||147|| : the particle density in 
between the jets rises at a rate comparable to the density within the jets. 


7.3 Colour Coherence in Multi-jet Events from pp Collisions 


Hadronic high-p^ processes are very rich in the collective drag phenomena (see e.g. 

22,^, 148 | P.49| , P55|| ). Varying the experimental conditions (triggers) one may separate the dom¬ 


inant partonic subprocesses and switch from one subprocess to another. Recall also that the 
length and height of the hadronic “plateau” depend here on different parameters: the length is 
determined by the total energy of the collision, and the height and the plateau structure depend 
on the hardness of the process governed, as a rule, by the transverse energy-momentum trans¬ 
fer. Thus, information becomes available that is inaccessible in e’''e“ annihilation where both 
energy and hardness were given by the value of i/s. Therefore, the high-p^ hadronic collisions 
could provide us with a very prospective laboratory for the detailed studies of the colour-related 
phenomena. The hrst experimental results from the pp Tevatron collider ||231|J232|,|233|,|256|| look 
rather promising. The studies in the pp —3jet ±X events of the spatial correlations between 
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soft and leading jets in mnlti-jet events have clearly demonstrated the presence of initial-to- 
final state interference effects in pp interactions. Moreover, DO ||233|| resnlts indicate that the 
observed coherence phenomena are in agreement with the tree-level parton level calcnlations 
Recently the hrst data on W + jet prodnction from DO ||258|| have been pre¬ 
sented. The hadronic antenna patterns for snch process are entirely analogons to that in the 
string/drag effect in —>■ qqg events. The colonr coherence effects are clearly seen in the 

data and in onr view these stndies have a very promising fntnre. Recall that the detailed studies 
of the colour-related “portrait” of the high-p^ events could provide a useful tool to discriminate 
the new physics signals (TT, Z, hh', compositness ...), see, e.g. ||255| . 


8 Particle Spectra in Deep Inelastic Scattering 


As is well known. Deep Inelastic Scattering (DIS) has always been a wonderful testing ground for 
the quantitative tests of the basic predictions of QCD. The new era in the detailed investigation 
of QCD dynamics has been started with the advent of HERA. New impressive QCD physics 
results continue to pour out from both the HI and ZEUS collaborations at HERA, see e.g. 




One of the important areas in which quantitative progress in probing QCD could be made 
is the comparative study of properties of jets produced in different reactions. However, despite 
all their fundamental importance for QCD studies, the measurements of the final state particle 
distributions so far have not become a topic of primary interest for the experimentalistscn. Only 
recently the first HERA results on the inclusive particle spectra in DIS and their comparison 
with the data have been reported, see Refs. ||26CI| , |261| , |262|| . 


8.1 Particle Distributions in the Breit Frame 


A hard lepton-hadron interaction with high —q^ = S> A^ and hxed Bjorken variable x = 
2 ^-^ knocks a quark with longitudinal momentum k = xp at virtuality level ^ out of the 
initial partonic fluctuation. The probability of Ending the appropriately prepared quark-parton 
inside the target proton determines the DIS cross section (structure function). 


The reader is reminded that in deeply inelastic scattering the picture of the development 
of the final state parton system is different from that in e’''e“ annihilation0. In particular, in 
DIS one needs to consider the structure of the parton wavefunction of the target hadron, which 
was prepared long before scattering and corresponds to a space-like bremsstrahlung cascade. 


29 


To the best on our knowledge, the hrst QCD-based analysis of hadronic distributions in high energy hxed 


target experiment has been performed by the EMC |259|. 

^°The hrst theoretical treatment of this subject within perturbative scenario has been performed in Refs. 
|J22,2^,2M 265|]. A recent comprehensive discussion has been given in Refs. 266,2671. 
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As was proved in Refs. 


, the effects of colour coherence here, as in the case of a 


timelike cascade, leads to a picture of soft bremsstrahlung with angular ordering. 


The brief discussion of the theoretical issues below follows that of Ref. 


Our main 


concern is with the distribution of particles associated with small x deeply inelastic events. 


8.1.1 Arguments in Favour of the Breit Frame 

When discussing the hnal-state hadron distributions in DIS with large momentum transfer 
and hxed value of Bjorken variable x it is instructive to compare them with the jets produced 
in annihilation. In the latter process two point-like colour quarks (3 -|- 3) moving apart 
cause QCD bremsstrahlung which populates the hnal state (g and q jets). In DIS one deals 
with the struck quark (3) and the colour “hole” (3). The latter has its own internal structure 
(e.g. 3 -|-8 at X 1) which complicates the properties of the target fragmentation (TF) region. 
As in e^e“ collisions, the hrst natural step in studying the hnal- state properties of hadrons in 
DIS is to examine the inclusive characteristics such as single-particle energy spectrum, rapidity 
distribution, etc. As we know, these inclusive quantities are typically not Lorentz covariant. 
The crucial question concerns the proper identihcation of the reference frame which is the most 
appropriate for QCD treatment of the hnal state structure in DIS. For instance, since in DIS the 
hard collision occurs between the oh- mass-shell intermediate boson and the target proton (not 
between the electron and the proton), the laboratory frame does not look natural for studying 
the hnal state properties. As was mentioned in [|267|| , analysis of the distribution of particles in 
this frame reminds us of an attempt to establish the laws of classical mechanics from a carousel 
laboratory. 

In the golden age of the parton model ||268|J269|| the exclusive role of the Breit (“brick wall”) 


frame was commonly accepted, see also The Breit frame is the one in which the 

momentum transfer has only a ^-component: g^(0, 0, 0, —Q). In the quark-parton model, 
in this frame the struck quark enters from the left with ; 2 -momentum and sees the 

exchanged virtual boson as a “brick wall” from which it simply rebounds with pz = —^Q- 
Thus, the left-hand hemisphere of the hnal state should look just like one hemisphere of an 
annihilation event at Ecm = Q- The right-hand (“beam jet”) hemisphere, on the other 


e^e 


hand, is different from e’''e“ because it contains the proton remnant, moving with momentum 
Pz = {1 — x)Q/2x in this frame. The standard argument in favour of this frame was that here 
the two sources of hnal particle production were expected to be best spatially separated, see 
Fig. 8.1a. Namely, the current fragmentation (CF) region due to the time-like evolution of the 
struck quark and the TF region populated with the evolving remnants of the disturbed space-like 
partonic system related to the relativistic proton should correspond to two opposite hemispheres 
in the Breit frame. In this frame Xp = ^ is the proper equivalent of the e+e“ dehnition of 
a fragmentation variable. As advocated in Refs. |p70|J^j264|| , within the perturbative scenario 
all the advantages of the Breit frame as the centre-of-mass frame for the “quark -|- hole” pair 
are still there. In ||267|| Dokshitzer presented a new (perturbative) argument in favour of the 
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Breit frame based on the analysis of the distribution of the accompanying large angle gluon 
radiation over pseudorapidity rj (relative to the virtual boson-proton axis). 

According to ||267|| the proper choice of the reference frame is asymptotically dictated by 
hxing the point at which the intensity of the perturbative radiation (i.e. the hardness of the 
underlying process) is the highest. Thus, in annihilation the pseudorapidity distribution 
of the hnal-state particles is symmetric and peaks at r/ = 0 in the qq centre-of-mass. Contrary 
to all other “collinear frames”, where q and q have different energies, here the maximum of the 
p-distribution is positioned exactly at p = 0. In the case of DIS the r^-spectrum is asymmetric, 
but in a close similarity with e^e“ collisions, the position of its maximum “measures” the 
location of = 0 in the Breit frame of the hard collision. 


8.1.2 Feynman-Gribov Puzzle 

Thus, in the Breit frame of reference the DIS process looks like the abrupt spreading of two 
colour states: 3 (the struck quark q) and 3 (the disturbed proton), moving in the opposite 
directions. Here one conceptual remark is in order, see for more details P72|,P64| , p^ 


An 


important role in justihcation of the celebrated Feynman hypothesis ||268|| about a universal 
hadronic plateau (see Fig. 8.1a) has been assigned to the argument that the continuously 
distributed hadrons connecting the two fragmentation regions are necessary to compensate for 
the fractional charges of quark-partons. At the same time, some serious doubts have been 
expressed about the possibility to organize dynamically such a state if one proceeds from 
the idea to consider the successive decays of outgoing partons as the only source of multiple 
production of hnal particles. The problem has been formulated by Gribov in ||269|| . It was 


argued that in DIS the offsprings of the fragmentation of an initially prepared fluctuation had 
to leave the rapidity interval 0 < Ino; < InQ depopulated as shown in Fig. 8.1b (a; being the 
energy of registered hadron h). The lack of hadrons with a; -C Q in TF is, according to Gribov, 
related to the fact that the coherence of the partonic wave function remains undisturbed by 
the hard knocking out of a parton with momentum xp k, Q/2. As a result the upper (low 
momentum) part of the partonic fluctuation in Fig. 8.1b “collapses” as if there were no hard 
scattering at all. 

The way in which this puzzleill is resolved within the perturbative QGD context 


pel 


appears to be in a certain sense mixed. On the one hand, here Gribov’s phenomenon does occur: 
the energy spectrum of the offsprings of the parton dissociation — elements of the “ladder” 
fluctuations determining the DIS cross-section — proves to be concentrated mainly in the region 
of large energies Q < u < p. On the other hand, there is a specihc mechanism responsible for 
bridging the regions of target and current fragmentation in the spirit of the Feynman picture. 
This role is taken on by coherent bremsstrahlung of soft gluons which is insensitive to details of 
the structure of partonic wave function of the target hadron, being governed exclusively by the 
value of the total colour charge transferred in the scattering process. As far as we are aware 


31 


In the old times it was sometimes called “Feynman-Gribov puzzle” or the problem of “Gribov’s gap”. 
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the importance of the t-channel colour transfer for hlling in Gribov’s gap was hrst emphasized 
in ||272|| . In fact, Gribov’s phenomenon provides one with an additional support for the choice 
of the Breit frame. 


8.1.3 Current Fragmentation Region 


As it has been demonstrated in 21,22,264|, the bremsstrahlung processes accompanying the 


emission of a struck quark lead to the formation in the GF region of a jet identical to the light 
quark jet in e'''e“ annihilation at = Q^. In particular, the appearance of a hump-backed 
plateau was predicted for the scaled momentum spectrum. Therefore, it always looked quite 
instructive to compare the DIS data in the current region directly with e’''e“ results. One 
can beneht here from the possibility to vary quite smoothly and to perform some new 
quantitative tests of cascading picture of multiple hadroproduction in jets. DIS measurements 
have the advantage over e+e“ studies since they allow us to cover a large range in Q in a single 
experiment. Measurements with particle identihcation are especially interesting. However, we 
should warn the reader that in the e+e“ case the data correspond to the mixture of the primary 
quarks with different flavours. Gorrections caused by the effects induced by heavy quarks should 
be taken into account at a certain state of the analysis. 

8.1.4 Target Fragmentation Region 


DIS also opens a new domain for studying charged particle spectra, namely the TF region. 
Here the situation proves to be much more complicated, especially at a: -C 1 ||264|| . The DIS 
occurs in this case on a ‘sea’ quark from bremsstrahlung of soft {qq)g pairs in colour octet 
state {g exchange in t-channel). The dominant structure of the appropriate fluctuation can 
be characterized in terms of the multirung ladders determining the small x behaviour of the 
structure function. It is of importance to mention that sets of graphs which cancel in the 
structure function no longer cancel in the inclusive spectrum. In addition to the offsprings of 
decaying subjets — remnants of the ordered ‘ladders’ (structural contribution), the collective 
coherent accompaniment arises, which is determined by the overall colour topology of the 
partonic system (t-channel contribution). 

In the TF there also arises the hump-backed particle distribution evolving with InQ^ and 
Inl/x. The resulting spectrum of hadron h in the TF is depicted in Fig. 8.2 where the GF 
region is added to show the full hadronic distribution due to gluon emission. For both GF and 
TF regions In ^ is plotted separately in this hgure. Gertainly, this plot could be used only for 
illustrative purposes since in ||264|| some practically important phenomena were not taken into 
account (for applications at more realistic conditions, see e.g. [p73|| ). 

One may anticipate that at HERA some specihc perturbative predictions for the TF region 
264|| should be visible. Thus, as in e’''e“ annihilation, coherence in DIS should lead to hardening 


of the hadronic spectra: the population of particles with hnite energies (^In ^ ~ is expected 
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to remain practically constant with increase of the hardness of the process. It looks quite 
challenging to test experimentally the predicted evolution of the spectrum in TF with and x. 
Note also that at small values of x the accompanying bremsstrahlung in the target fragmentation 
region is expected to be roughly twice as intense as that in the current fragmentation. 

One hnal theoretical comment is here in orderil. In principle, one may wonder whether the 


transition at very low x from the standard DGLAP evolution to the so-called BFKL 

p74|| dynamics could strongly affect the predictions of Ref. ||264|| . To our understanding the 
structure of the accompanying soft gluon radiation does not undergo any essential change. In 
short, the reason is that even in the BFKL case the angular ordering of the “structural gluons” 
(the ladder rungs which determine the cross section) is still there. 


8.2 Comparative Study with the Results from e^e Annihilation 

The hrst studies at HERA of the charged particle energy distributions in the Breit frame 
261| , p62|| look rather encouraging. Recall that compared to the fixed target measurements the 


available values of are much larger and x- values are much smaller. This results in far more 
intensive QCD radiation activity and opens a wide domain for examining the evolution of the 
particle spectra with and x. 

So far the main experimental efforts have concerned the comparative study of the current jet 
hemisphere in DIS in the Breit frame of reference with one hemisphere of an annihilation 
event at ^/s = Q. It is of importance that the detailed comparison of the inclusive particle 
distributions over the natural scaled variable Xp = ^ can be carried out without the necessity 


of using a jet-hnding algorithm, see e.g. pTlg2i p64|] 

The experimental analysis ||261|,|262|| conducted in the Breit frame shows (see Figs. 8.3- 


8.6) that the charged hadron spectrum not only has the same shape as that seen in a single 
hemisphere of an event but also that this shape evolves in in the same way as the latter 
does in terms of the centre-of-mass energy a/s. Even more, the absolute normalization, 
the mean charged multiplicity (see Fig. 8.3), follows the same curve except at low Q, or a/s, 
where there is a systematic shortfall ||261|J262|| . It seems that this multiplicity discrepancy can 
be attributed to the contributions from the mechanisms at DIS that do not have an equivalent 
in e’''e“ collisions. This concerns the proton-remnant hadronization, initial state QCD radiation 
1 ^ 


etc., see e.g. 


In our view, the string/drag effect can be partly responsible for a certain 


depopulation of particles in the current fragmentation. Note that the difference in the flavour 
composition between the DIS and the case is unlikely to be responsible for this discrepancy. 
This effect gives rise to differences in the results that are within the quoted experimental errors 


261 


Xp = 


The HERA data [p61|J262|| on the scaled charged particle distribution in = In where 
— Ml in the Breit frame, exhibit the predicted hump-backed plateau, see Figs. 8.4, 8.5. Its 


Q 
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We are grateful to Yu. L. Dokshitzer for elucidating discussion of this topic, see also Ref. |264|. 
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evolution is in agreement with the perturbative expectations. The measured area, peak position 
and the width a of the spectrum conhrm that the evolution variable, equivalent to the e’''e“ 
cms energy ^/s, is in the Breit frame Q. The variation of the peak position with Q follows 
the curve, see Fig. 8.6. A straight line £t to as a function of InQ gives a gradient of 
0.75 ± 0.05 which is in agreement with Eqs. (|3.36|) and (|3.76|) . As expected ||264|| , see also Fig. 
8.2, the data indicate no observable Bjorken x dependence of the peak position as can be 
seen in Fig. 8.7 [p62|] . 

In conclusion, HERA results on universality of the basic features of the charged particle 
distributions in the struck quark hemisphere provide us with new experimental support for 
the APA picture of multiparticle production in hard processes. In particular, it is conhrmed 
experimentally that the comparison with e^e“ data can be made properly using as the evolution 
variable in the Breit frame the four-momentum transfer a/^. 


9 Inclusive Properties of Heavy Quark Initiated Events 


In section 3 we considered mainly the properties of jets in e’''e“ collisions obtained by analyzing 
the full hadron data sample with contributions from all flavours. In the last years the intensive 
experimental studies have been performed with the heavy quarks Q{c,b). Experiments at 
have produced a wealth of new interesting results on the prohles of jets initiated by heavy 
quarks, see e.g. P, p^p5| , p7^ , p79|| . The accuracy of measurements started to be comparable 
with that in the qq events. This is mainly related to the steady improvement in the heavy 
quark tagging efficiencies. Further progress is expected from the measurements at LEP-2 and, 
especially, at a future linear e’''e“ collider. The principal physics issues of these studies are 
related not only to testing the fundamental aspects of QCD, but also to their large potential 
importance for measurements of heavy particle properties: lifetimes, spatial oscillations of 
flavour, searching for CP-violating effects in their decays etc. Properties of 5-initiated jets are 
of primary importance for analysis of the hnal state structure in tt production processes. A 
detailed knowledge of the 6-jet prohle is also essential for the Higgs search strategy. 

The physics of heavy quarks has always been considered as one of the best testing grounds for 
QCD. In this section we will restrict ourselves to the discussion of the inclusive energy spectrum 
of hadrons containing a heavy quark and of the associated mean multiplicity which are related 
to our previous considerations of soft particle production and LPHD. These properties of heavy 
quark jets have recently been studied within the perturbative approach in a self-consistent 
way. We follow here mainly the results obtained by the Leningrad/St. Petersburg QCD group 
^I i^^^|5^[75tp80| , pM[| . In the calculations of the heavy quark energy spectrum - unlike 
the previous sections of the review - the two-loop effects are included which allows one to 
determine the coupling ajjg which can be compared with the results from other processes. In 
order to include the soft effects an effective coupling C(f^{k) is introduced which remains hnite 
down to fc = 0. This procedure may be viewed as an alternative to the previously considered 
hxed cut-off k > Qq. 
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9.1 Energy Spectrum of Heavy Quarks 

9.1.1 Leading Particle Effect in Heavy Quark Fragmentation 


We first recall the main ideas of the conventional evolution approach to the description of the 
energy spectra of heavy flavoured hadrons Hq. One starts from a phenomenological fragmen¬ 
tation function for the transition 

Q{x) Hq{xh) (9.1) 

and then traces its evolution with the annihilation energy W by means of perturbative QCD. 
Realistic fragmentation functions ||282|| exhibit a parton-model-motivated maximum at (here¬ 
after M is the heavy quark mass) 


xh const 
1 — — " 


X 


M 


(9.2) 


Taking gluon radiation at the perturbative stage of evolution into account would then induce 
scaling violations that soften the hadron spectrum by broadening (and dampening) the original 
maximum and shifting its position to larger values of 1 — xh with increasing W. Such an 
approach has been successfully applied in Ref. ||283|| where the effects of multiple soft gluon 
radiation have been examined. The realistic fragmentation functions have been used there to 
describe the present day situation with heavy particle spectra and to make reliable predictions 
for the future. Being formally well justihed, this approach, however, basically disregards the 
effects that the hnite quark mass produces on the accompanying QCD bremsstrahlung pattern, 
since the W- evolution by itself is insensitive to M. 


The so-called Peterson fragmentation function ||282|| is often used in the literature to describe 
the Q Hq transition. 


Cqiy) = N 




y 


y 


+ 




n -2 


y 


, y = xh/x, 


where iV is the normalization constant 

nl 


^ dyCQ(y) = 1; iV = - |1 + 


(9.3) 


(9.4) 


The pick-up hadronization picture predicts that the small parameter eg in ( p.3|) should scale 
with heavy quark mass as 




M ) 


oc M-\ 


(9.5) 


(where rUg is the quantity of the order of constituent light quark mass), in accordance with 
(|9.2|). A sharp peak of the energy distribution at large y, 


1 2/max oc ,yeQ cc M ^ 1, 


(9.6) 


manifests the leading particle effect in the heavy quark fragmentation ||284 . 
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At the same time, assuming M a sufficiently large scale, it is tempting to carry out a program 
of deriving the predictions that would keep under perturbative control, as much as possible, the 
dependence of Hq distributions on the quark mass. As shown in detail in Ref. [Q the effects of 
perturbative gluon radiation are capable of reproducing the shape of the Peterson fragmentation 
function provided one feels courage enough to continue the perturbative description down to the 
region of small gluon transverse momenta. The Sudakov form factor suppression of the quasi¬ 
elastic region a; —> 1 results in the distribution which is qualitatively similar to the parton 
model motivated expression (|9.3|) . 


As we discussed in detail above the dominant role of the perturbative dynamics has been 
very successfully tested in studies of light hadron distributions in QCD jets. As far as the 
heavy quark spectrum is concerned, based on LPHD one may expect that a purely perturbative 
treatment is dual to the sum over all possible hadronic excitations. Therefore, without involving 
any fragmentation function at the hadronization stage, one could attempt to describe the energy 
fraction distribution averaged over heavy-flavoured hadron states, the mixture that naturally 
appears, e.g., in the study of inclusive hard leptons. 


Although such a purely perturbative approach might look rather naive, it is at least free 
from the problem of “double counting” which one faces when trying to combine the effects of 
perturbative and hadronization stages. 


9.1.2 Perturbative Results for the Inclusive Spectrum 


In Refs. IpSOj , ^ an expression was derived for the perturbative energy spectrum D{x]W, M) 

of a heavy quark Q produced in —>• Q{x) + Q+ light partons as a function of the energy 

fraction x = W and the heavy quark mass M = mW. The inclusive energy spectrum is 

normalized as ^ 

[ dxD{x;W,M) = 1 
J 2m 

and can be derived conveniently from its moment representation 

dj 


D(x-,W,M) = 




(9.7) 


(9.8) 


Here the contour P runs parallel to the imaginary axis in the complex moment j plane to the 
right of all singularities. The integrand in (|9.8|) can be written as 


hiDj = 


/■l 


/ dx 

X^~^ — 1 

I2m 

L -1 


dw{x] IT, M) 
dx 


(9.9) 


This type of relation is obtained for the distribution of the valence quark in a quark jet in 


LLA |gg5 


see 


also 1^1) where ^ ~ and is calculated from the transition q 


qg 


in the lowest order. In the present application the “radiator” = Cp^v^ is computed to 


y—l^,dw 
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the accuracy 0(ag(W)) and takes into account the hnite mass and two-loop effects. The 
corresponding expression reads 




dw 

dx 


rQ^ dt 

k' 2 t 


+ 


a{t) 


2x 


2{x — 2nn?) 
1 — X 


+ r ( 1 -^) 


z'(t)(l — x) -|- a^{t) ^^‘^\x) 


(9.10) 


[a(Q^) -I- a{K^)] + C 


x{x — 2w?) 


1 — X 


a(Q' 


1—x ^ ’ 2(1 — x) VI — 

Here the integral over the gluon virtuality t is limited by the two characteristic momentum 
scales 


Q2 ^ _ ^2 

= K^{x) = 


(1 — 

1 — X -\- m? 

(1 — xY 

zo 




(9.11) 


with 


Zo = - (a: — 2m^ + Vx^ — 4m^) = x + 0(m^). 


The following notation is also used: 

V = a/1 — 4m^; (5{x) = y^l — 0</3<n; C = l + 2m^ 

(9.12) 


M 1 


27r 


The radiator (|9.10|) vanishes at 




= 2m; ^(xmin) = 0,Q^ = WM 


(1 — 2m)" 
1 — m 


= K 


(9.13) 


thus justifying the lower kinematical limit in Eq. (|9.9|) . In (|9.1CI|) the two-loop effects are 
included in the a' and terms. It turns out in practical applications that = 0 holds to 
a good approximation provided the physical effective coupling Oefr = + a}C) is used with 

'67 7r^\ 5 . 

(9.14) 


/C = 


N, 


c 


18 6 


9 




Strictly speaking, Eq. ( |9.1CI|) applies for the vector channel only = Cv), but the difference 
between the spectra in the vector and axial vector channels vanishes like (1—n) in the relativistic 
case and so the equation applies also for a. V + A mixture, in particular, at the peak. 

In the relativistic approximation, m -C one arrives at the simplified expression 


C 


dw 
dx 


cQ^ dt 


t 


|a(f) P{x) — a'(f)(l — x) + a?{t) A*^^^(a;)| 


+ a{QY 


—2x 


+ 


X 


a K 


— X ' 2(1 — x) j 
= W‘^x{l — x), = M‘^{1 — xY/x, 


—2x 
1 — x 


(9.16) 
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where 


P{x) = 


1 + 
1 


X 


(9.16) 


The integration variable t determines the physical hardness scale of the running coupling, and 
is related to the transverse momentum of the radiation. In the dominant integration region, 


k\ -C W^, t = xk‘]_. 

The lower limit tmin = sets the boundary for the essential gluon emission angles, 

,2 


(9.17) 


t 




> e > m/Eq = e„. (9.18) 

This restriction manifests the “Dead Cone” phenomenon characteristic for bremsstrahlung off a 


massive particle. Namely the forward gluon radiation is suppressed 


The latter 


is largely responsible for the differences between radiative particle production in jets produced 
by a light and a heavy quark, by a c-quark and a 6-quark (see cgaeg). 

The analytical perturbative result for the inclusive spectrum D{x] W, M) has the following 
properties p3| : 


• it embodies the exact hrst order result ||287|| • f{x;m) and, as a consequence, 

• it has the correct threshold behaviour at 1 — 2m -C 1; 

• in the relativistic limit m -C 1, it accounts for all signihcant logarithmically enhanced 
contributions at high orders, including 

1. running coupling effects, 

2. the two-loop anomalous dimension and 

3. the proper coefficient function with exponentiated Sudakov-type logs, which are 
essential in the quasi-elastic kinematics, (1 — x) -C 1; 

• it takes into full account the controllable dependence on the heavy quark mass that makes 
possible a comparison between the spectra of b and (primarily produced) c quarks. 

By “threshold behaviour” we mean here the kinematical region of non-relativistic quarks, \W — 
2M\ ~ M, in which gluon bremsstrahlung acquires additional dipole suppression. At the same 
time we will not account for the Coulomb effects that would essentially modify the production 
cross section near the actual threshold, W — 2M -C M |p88|| . Note that in the derivation of the 
perturbative formulae (p.8| - |9.10| ) the production of additional QQ pairs has been disregarded. 

When X is taken as close to 1 as 




(9.19) 
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then one observes that and the integration in Eq. (|9.15|) leaves the perturbatively 

controlled domain, ^ A^. This shows that the quark spectrum appears to be “infrared 
sensitive” in the kinematical region ( p.l9| ). A large quark mass M S> A does not guarantee an 
infrared stability of the quark distribution at large x. Note that a hnite quark mass suppresses 
the emission of gluons at small angles, 0 < 0o = 2M/W (’’Dead Cone”), but not necessarily 
that of gluons with small transverse momenta. So, in the “quasi-elastic” region ( |9.19D the 
non-perturbative conhnement physics inevitably enters the game. 


One may single out effects of the non-perturbative momentum region by splitting the ra¬ 
diator into two pieces corresponding to large and small transverse momentum regions {t ~ 
for X close to 1), 


dw 

dx 


dw 

dx 


[kl > /i^] -f 



ic) 


(9.20) 


Correspondingly, the spectrum in the moment representation factorizes as 


Dj = FjV^l > A'T X ofK 


(9.21) 


This formal separation becomes informative if one is allowed to choose the boundary value /i 
well below the quark mass scale (e.g. /i = 0{1 GeV) providing ^/M -C 1 for the h quark case). 
Within such a choice only x close to 1 would contribute to Keeping track of the leading ^ 
effects, it is straightforward [Q to obtain the following formal expression for the “conhnement” 
part. 


InDj 


{C) 


-2Cf 


fA* dk± as{kj 


k\ 


In 


vr 


k± , 


1 ) 


(9.22) 


For moments of moderate order j (that is, for x not specihcally close to 1) one can expand the 


logarithm in (|9.22|) and arrives at 


InD) 


(C) 


-2Cf (j - 1) 


(9.23) 


with 


ho — 


dk 

0 TT 


(9.24) 


Let us emphasize that the perturbatively based expressions (|9.22| ), ( |9.23|) for the non- 
perturbative fragmentation function are meaningful “if and only if” the effective running cou¬ 
pling is free from a formal infrared singularity. This is how the notion of an “infrared regular 
coupling” appears in the context of the heavy quark inclusive spectra (for further details see 
Refs. 


52 


Note that neither the Peterson-like functions nor the perturbatively-motivated “conhne¬ 
ment” distribution are unambiguously dehned quantities. The former as an “input” for the 
evolution are by themselves ahected by gluon radiation ehects at the hard scale t that 

are present even at moderate W > 2M. On the other hand, D[k']_ > /i^] crucially depends on 
the arbitrarily introduced separation scale /i which disappears only in the product of the factors 
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responsible for the perturbative and non-perturbative stages (see Eq. ( |9.21|) ). Nevertheless, one 
may attempt to perform a direct correspondence between these two quantities. Namely the 
phenomenological function Cq{x) from (|9.3|) in the j-representation can be confronted with 


Dj as given by Eq. ( |9.22|) , provided that at small scales a phenomenologically motivated, 
infrared hnite as is incorporated into the perturbative analysis. 

The formal asymptote D{x 1) depends on details of the behaviour of as near the origin, 
eventually, on the convergence of the characteristic integral 


- _ dk as{k) 

° Jo k 7T 


(9.25) 


If as vanished at the origin, then Hq < cxo and, by evaluating the inverse Mellin transform, it 
is a simple exercise to derive the power-like behaviour 


D{x) oc (1 — 

For as(0) > 0 one obtains instead a stronger suppression, 

as(0) 


D{x) oc (1 — x) ^ exp < —CiT 


27r 


ln^(l — x) 


(9.26) 


(9.27) 


In practice, in both cases the gross features of the popular Peterson fragmentation function are 
easily reproduced. 

An important message comes from comparing the mean energy losses that occur at the 
hadronization stage. Recall that the mean x corresponds to the second moment, Dj= 2 - The 
distribution (|9.23|) results in 


IhDP = ln(a:)(^) = -2Cf — 
This immediately leads to 




(x) 


ic) 


2Cf 


{x) 


jJjCt 

M’ 


(C) _ 


= exp 


-2Cf^ 

M 


which justifies the expected ||284|| scaling lawil 

1 - (a;)fragm ~ ^/^ OC M“b 


(9.28) 

(9.29) 

(9.30) 


Thus, instead of convoluting a phenomenological fragmentation function Cq{x) with the In¬ 
dependent “safe” evolutionary quark distribution one may try to use consistently the 
perturbatively-motivated description that would place no artificial separator between the two 
stages of the hadroproduction. At hrst sight, one does not gain much by substituting one 
non-perturbative quantity — the phenomenological fragmentation function Cq{x) — by an¬ 
other unknown function, namely the effective long-distance interaction strength af^{k) (at. 


similar behaviour was advocated in Ref. |289| which treated the difference between the hadron and the 
heavy quark masses as a small expansion parameter. 
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say, k <2 GeV). An essential difference between the two approaches is that a'f is supposed to 
be a universal, process independent quantity and, therefore, hts naturally into the perturbative 
LPHD approach. Therefore, for instance, quite substantial differences between the inclusive 
spectra of c- and 6-flavoured hadrons are expected to be under full perturbative control. More¬ 
over, the same notion of the infrared-hnite effective coupling can be tried for a good many 
interesting problems in the light quark sector (for a list of such phenomena, see Ref. [^ ). 


9.1.3 Comparison with Experimental Data 


The first comparison of the perturbative predictions with the experimentally measured 

mean energy losses in charm and beauty sectors have demonstrated the consistency of the 
perturbative approach. 

To examine the infrared sensitivity of the perturbative results various recipes of how to 
extrapolate the characteristic function 


dk^ as{k) 




-|- const 


k? TT 

down to the conhnement region of low were tried in Ref. 


(9.31) 


The simplest prescription (the so-called F-model) reduces to freezing the running coupling 
near the origin. One follows the basic perturbative dependence of as{k) down to a certain point 
kl where the coupling reaches a given value 


c^s{k(^ 


= A, 


TT 


and then keeps this value down to = 0. ^ then takes the form 

Uk^) = 


ne)-Hki) tor 

Aln(fc^/fc^) for < kl 


(9.32) 


(9.33) 


with kc related to A by (|9.32|) . 

A set of the so-called Gp-models gives another example of the trial effective coupling. It 
appears when one regularizes the one-loop evolution function 


as follows: 




= 7 Inin -I- const 
b A2 


k^P 


with p = 1,2,... This corresponds to the effective coupling 


d^G^(k^) 




TT 


din k^ 


k^P 


k‘^P + G„A2p 


Cp>l 


P 


b ln(FP/A2p + Gp 


(9.34) 

(9.35) 

(9.36) 
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Such an expression preserves the asymptotic form for up to power corrections 

Notice that the effective coupling ( |9.36| ) with Cp = 1 has a hnite limit as(0)/7r = 4p/6, while 
for Cp > 1 it vanishes at the origin. The two-loop coupling results in 


a 


( 2 ) 

s,G 


{k) 


with 


TT 


Z/p 


dJ-cWO 

k‘^P 

4p 

f bi In Lp\ 

din kP' 

k^P + CpA^P_ 

bLp 

1 b^ Lp ) 


In 


V 




= 


34 


- 


10 


N(J -f ^Cp I 77.j 


(9.37) 


(9.38) 


After comparing the experimental data on the mean values of (xq)I^ with the generalized 
perturbative predictions which embody the infrared regular effective coupling one arrives at 
the following conclusions (for further details see Ref. H): 


1. The scaling violations in (xa,fe)(lT), that is the ratios 

(xa)(lR) (a;fe)(lT) 

viewed as a function of IT, prove to be insensitive to our ignorance about the small 
momentum region in the effective coupling. 

2. The same kind of stability has been observed with respect to the scaled positions of the 
maxima in the energy spectra, 

^max ( fT ) 

2^max(lTo) 

3. The absolute values of c and b energy losses, in particular, the ratios 

{xi,)(W) 

appear to be strongly “conhnement-dependent”. 


4. This “conhnement-dependence” reduces to an integral quantity /ia, dehned above in 
( 9.24 ), as the only relevant non-perturbative parameter. A consistent simultaneous de¬ 
scription of {xa,b)(W) is achieved by constraining the value of the integral 


/•2GeV 

(2GeV)-^ / dk ^ ^ ’ = 0.18 ± O.Ol(exp) ± 0.02(theor). 

Jo TT 


(9.39) 


^'^The world average values of (xg) presented in Ref. [p78[ were taken as the input. Within the errors in the 
numerical procedure of calculations in updating of these values is unlikely to cause any essential difference. 
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As was first suggested by Mattig (see first reference in ||278|| ), the IV evolution in the quark 
energy losses allows one to determine the scale parameter A. The value of the latter proves to 

m 


be practically insensitive to the adopted scheme of extrapolation of a 
analysis of the heavy quark energy losses carried out in leads to 


eff 


see 


aj^{Mz) = 0.125 ± 0.003(exp) ±0.004(theor). 


The numerical 


(9.40) 


This value is in a good agreement with the results of the (more) traditional methods of deter¬ 
mination of ajjg{Mz) (for a recent review, see ||290|| ). 


One remark is here in order. The notion of the infrared hnite exploited here differs from 
that used in the renormalization-scheme-invariant approach to the e’''e“ annihilation cross- 
section (see e.g. |^91|J4^ ) and the r-lepton hadronic width ||291j| . Nevertheless, it is worth 
mentioning that the value of the couplant —(0) and the integral measure derived in are 


both consistent with (p.39 ). Notice also, that there is a natural theoretical scale to which the 
“measurement” of below 1-2 GeV is to be compared. As shown by Gribov [|^, in the 
presence of light quark colour conhnement occurs when the effective coupling (parameter A of 
the F-model) exceeds rather small critical value 


TT 


crit 

s 1 ^-1 


= Cl 


0.14. 


(9.41) 


Then within the Gribov’s conhnement scenario an interesting possibility arises. Namely, if 
the phenomenological af^ extracted from the data does exceed a™* but remains numerically 
small, this would provide a better understanding of the perturbative approach to multiple 
hadropro duct ion in hard processes. 

Thus, it is empirically conhrmed that the characteristic integral ( |9.24| ) turns out to be 
a £t-invariant quantity which one has to keep hxed in order to describe the absolute values of 
energy losses. As pointed out by Gribov, it can be looked upon as the long-distance contribution 
to the QGD held energy of a heavy quark. It is worthwhile to notice that such an integral 
appears in the relation between the running heavy quark mass at scale /i and the pole mass 

jm 


MPole 


M(/i) = ^ / 
3 J} 


d?k as{k) 


\k\<tM (27r)3 


= Cf 


/ dk - = Cf 

lo TT 


(9.42) 


To illustrate the phenomenological advances of the perturbative approach we present in 
Fig. 9.1 the expected W evolution of the inclusive b and c-quark spectra®. These plots were 
calculated within the F-model with the values of A and A which allow the best ht to the mean 
energy losses. For comparison the best-ht G 2 -model results are also shown for LEP-1 energy. 


^®The results presented in Fig. 9.1 and in Eq. ( ]9.43 ) below are taken from Ref. except for those 

at IF = 200 GeV which have been prepared for LEP-2 in application of the same approach. We thank Yu. 
Dokshitzer for providing us with these results. 
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It is easily seen that the F- and G-model predictions are quite close to each other. One may 
conclude that it suffices to fix the integral parameter ( |9.24|) together mth the value of A to 

Note that the same 


predict the differential energy distributions with the reasonable accuracy^ 
parameters of F-model as in Fig. 9.1 lead to the following values of (xq): 


{Xb) 

~ 0.698, 

{xc) — 0.511 at 

W = 

= 91 GeV, 

{Xb) 

~ 0.648, 

{xc) ^ 0.475 at 

w = 

= 200 GeV. 


(9.43) 


As the energy losses at 91 GeV have been used to £x the parameters only the results at 200 
GeV should be considered as a prediction. 

The duality arguments could be best applied to the description of the energy fraction dis¬ 
tributions averaged over the heavy-flavour states. Such a situation appears naturally e.g. in 
measurements of the inclusive hard leptons, distributions over the heavy particle decay paths 
etc. The inclusive quantities presented in this section can also be applied to describe the exclu¬ 
sive heavy hadron spectra such as those of D*^ for example, although a precise description of 
these distributions cannot be fully achieved by the present formalism. Within the accuracy of 
the data now and in the foreseeable future this is unlikely to cause any essential difference. We 
stress that the perturbative approach provides one with a fully predicted (and well controllable) 
evolution of the spectra with both the overall energy and the heavy quark mass. 


9.2 On the Multiplicity of Events Containing Heavy Quarks 

As we discussed above, the perturbative scenario predicts a suppression of soft gluon radiation 
off an energetic massive quark Q inside the forward cone of aperture ©o = (Dead Gone, 
e.g. [^,^). This phenomenon is responsible for the perturbative mechanism of the leading 
particle effect and, at the same time, induces essential differences in the structure of the ac¬ 
companying radiation in light and heavy quark initiated jets. According to the LPHD concept, 
this should lead to corresponding differences in “companion” multiplicity and energy spectra 
of light hadrons, see for further details pTl|286|| (see also 


In particular, it is a direct consequence of the perturbative approach that the difference 
of companion mean multiplicities of hadrons, from equal energy (hardness) heavy and 

light quark jets should be PF-independent (up to power correction terms O ((M^/IF^)). This 
constant is different for c and b quarks and depends on the type of light hadron under study (e.g. 
all charged, 7r°, etc.). This is in marked contrast with the prediction of the so-called naive model 
based on the idea of reduction of the energy scale ||293| , |60| , p94| , Nqq{W) = Nqq{{l — (xq)) 1F), 
so that the difference of q- and Q-induced multiplicities grows with W proportional to N(W). 
Below we shall briefly elucidate this bright prediction of the APA ||295| . 


pointed out in Q it is desirable to design a stable computation procedure for numerical evaluation of 


the inverse Mellin transform (9.8). 
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When examining the perturbatively-based yield of light hadrons accompanying the QQ pro¬ 
duction one has to understand first how does the development of the parton cascades initiated 
by Q depend on the quark mass M. Particle multiplicity is an infrared sensitive quantity dom¬ 
inated by the emission of relatively soft gluons. In this domain the only difference between the 
heavy and massless quark cases comes from the Dead Cone phenomenon: soft bremsstrahlung 
in the forward region 

01+ < 00 = M/Eq (9.44) 

is suppressed (e.g. gHH). Here 0i+ is the angle between a primary gluon (gi) and the quark 
(-I-). In the region of large gluon radiation angles 

01+ > 00 (9.45) 


the hnite mass effects are power suppressed and do not affect the picture of strictly angular 
ordered evolution of gi as a secondary jet. It is straightforward to verify that within the MLLA 
accuracy the hnite mass induces only a small integral correction to the AO prescription for the 
next generation gluon g 2 . As a result, in the region ( |9.45|) the internal structure of secondary 
gluon jets is identical to that for the light g case, and the emission angle 0i+ should be taken as 
an evolution parameter to restrict the subsequent cascading. As usual, the smaller the radiation 
angle 0i+, the less populated with the offspring partons the gluon subjet gi is. 


The situation changes, however, when 0i+ becomes smaller than 0o. The Dead Cone region 
(|9.44j) gives a sizeable (though nonleading) contribution, of order i/oj, and should be taken into 
account within the MLLA accuracy. Here the opening angle of the jet gi “freezes” at the value 
00 and no longer decreases with 0i+ ^ 0. The reason for this is rather simple. Normally, in 
the “disordered” angular kinematics 02i > 0 i+ the destructive interference between emission 
of a soft gluon g 2 by quark and gi cancels the independent radiation gi g 2 - 


Meantime, in the massive quark case the interference contribution enters the game only 
when 02 + > 00 , so that the cancellation of the independent 1 —2 term inside the 0o-cone 
does not occur. In physical terms what happens is the loss of coherence between -|- and 1 as 
emitters of the soft gluon 2 due to accumulated longitudinal separation Azi+ between massless 
and massive charges (ui = l,u+ 1 — 0o/2 < 1) ||295|| . It is the ratio p = (0^+ -|- 0o)/02i 
which determines whether interference is essential or not. When this ratio is larger than unity, 
Q and gi are separated far enough for g 2 to be able to resolve them as two separated classical 
charges. Then the gluon gi acts as an independent source of the next generation bremsstrahlung. 
Otherwise, no additional particles triggered by gi emerge on top of the yield determined by 
the quark charge (which equals the total colour charge of the Qgi system). In the massless 
limit (00 = 0) this reproduces the standard AO picture, 02i < 0i+. In the massive case one 
concludes that the upper limit of the relative gluon angle remains finite when 0i+ falls inside 
the Dead Cone: 02i < 0o for arbitrarily small 0i+ Oq. 

Thus, the proper evolution parameter for the subsequent parton cascading of the primary 
gluon gi (generalization of an “opening angle” of jet 1) may be chosen as 


014 - = 0 ?^ + 01 


' 1 + 


1 + 


(9.46) 
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Another comment is in order concerning generalization of the argument of the running coupling 
to the massive quark case. Here again the substitution similar to (|9.46|) is applicable. Namely, 
for the effective coupling, that determines inclusive probability of the emission Q Q + gi, 
one has to use as an argument (see Ref. 


; 2 2 
kj_ = uji 


2 sin ■ 


0 


1 + 


+ 0 


©;+• 


(9.47) 


Within the MLLA the expression for the multiplicity of light particles accompanying the 
production of a heavy quark pair, Nqq{W), can be obtained by convoluting the probability of 
a single gluon bremsstrahlung off a heavy quark Q with the parton multiplicity initiated by the 
gluon sub jet with the hardness parameter /c_i_ (see Ref. ||295||), 


N, 


QQ 


{W) = 2 f 


(2 sin d 



(2sin^) 

' + 

2 


j dz ^%{z) Nciki 

q/cxXjo] 4:7r 


(9.48) 


with z = ^ ip ~ t) by Eq. (|9.47|) ; Qq denotes a transverse momentum cut-off 

as used in the previous sections. Here stands for the standard DGLAP kernel. 

The main contribution to Nqq comes from the DL phase space region. Meanwhile, the 
expression ( j.48 ) keeps track of signihcant SL effects as well, provided that the multiplicity 
factor Ng is calculated with the MLLA accuracy. 


Introducing a convenient variable 


= 


ki = 




2 sin 


0 


1 + 


+ 0 


(9.49) 


one can rewrite Eq. (|9.48|) as 


rW'^ 


dK^ 




1 - 






dk I 




/ Qo K 


asjki 

Att 


NG{k,_), 


(9.50) 


with k± = ZK. In the massless limit M < Qo the contribution of the M‘^/k^ term vanishes 
and (|9.50|) reproduces the known result for the g-jet multiplicity. The integration can be 
performed with the use of the relation corresponding to the evolution equation for light quark 
jet multiplicity: 


KiQ) ^ 


d 


91nQ" 


N,{Q/2) = 


fQ dki 


Iqo Q 


$ 




dvr 


with 


N,-, (Q) = 2iV, (I) , 


(9.51) 


(9.52) 


see Eqs. (|2.34|) , (|6.33|) . 
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Then one can rewrite the expression for the companion multiplicity in the heavy quark jet 
in the form 

Nq (E) = N, (E) - N, - «■; + 0(a.Af,i ej/v;), (9.53) 

where 2E = W. 

Notice that the factor of 2 in the argument of Nq generates a y/a^Nq{M) correction and 
is under control in the present analysis, whereas it could be omitted in the N'^ term as 
producing asNq{M) terms which we systematically neglect. Within this accuracy the term 
N' ~ y/Q^Nq{M) can be embodied into the multiplicity factor by shifting its argument, namely 







(9.54) 


As a result, one arrives at a formula allowing the expression of the companion multiplicity 
in e’''e“ —>■ QQ in terms of that in the light quark production process e’''e“ — qq (assuming 
M ^ A) which reads as 


A'oo (»0 = iW) - N,-, (y?M) [1 + 0{a.{M ))]. 


The total particle multiplicity in QQ events then reads as 


(9.55) 


(W) = Nqq iW) + nj. 


(9.56) 


where u'q stands for the constant decay multiplicity of the heavy quarks {tl'q = 11.0 ± 0.2 for 
6-quarks, tAq = 5.2 ± 0.3 for c-quarks, see Ref. ||28(j|] for details). 


The main consequence of ( |9.56|) is that the difference between particle yields from q- and 
Q-jets at hxed annihilation energy W depends on the heavy quark mass and remains W- 
independent p7|J75| , |286 


SQq = (pp) _ (p/) = const (W), 

5^^ = - iW^"'^“(W) = const (W). 


(9.57) 


Let us emphasize that it is the QCD coherence which plays a fundamental role in the derivation 
of this result. Due to this the gluon bremsstrahlung off massive and massless quarks differ only 
at parametrically small angles 0 < ©q = M/E where, due to the AO, cascading effects are 
majorated by the N\M) factor. The relative accuracy of the result ( |9.57D is ^ [p95 


The results of the recent experiments on multiplicities in bb and cc events (see for details 
94| , ^ ) are summarized in Tables 3,4 and in Fig. 9.2. To the available accuracy, the results on 


Sgq are seen to be independent of W, in marked contrast to the steeply rising total multiplicity, 
and are thus consistent with the MLLA. The “naive” hypothesis appears to be disfavoured by 
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Value 

Exp 

{n^^)c-c 

21.44 ± 0.62 

OS 

£ch 

% 

2.90 ± 0.30 

DOS 

^ch 

^cq 

0.89 ± 0.62 

OS 


Table 3: Results on the average multiplicity of charged particles in Z —)■ cc and on the average 
differences (^^e Eq. (|9.57|) ) from DELPHI (D), OPAL (O) and SLD (S) [P^ , [I13|P7D| . 


Particle 

Multiplicity 

From 

B 

Decay 

Exp 

Charged 

23.43 ± 0.48 

5.72 

± 

0.38 

DOS 

7r° 

10.1 ± 1.2 

2.78 

± 

0.53 

D 

K+ 

2.74 ± 0.50 

0.88 

± 

0.19 

D 


2.16 ± 0.12 

0.58 

± 

0.06 

D 


0.126 ± 0.023 

0.032 

± 

0.011 

D 

P 

1.13 ± 0.27 

0.141 

± 

0.059 

D 

A 

0.338 ± 0.047 

0.059 

± 

0.011 

D 


Table 4: Average multiplicities in Z ^ bb and in the decay of single B hadrons from DELPHI 
(D), OPAL (O) and SLD (S) pl, |TT3| , |T071 . 


the data0. We turn now to the absolute values of the charged multiplicity differences 6^^. 
Neglecting in Eq. ( |9.55|) the sub leading 0(as) corrections, the following MLLA expectations 
were found in Ref. [p86|| by inserting the appropriate experimental numbers into the r.h.s of 
Eqs. dpD-dp^): 

5.5 ± 0.8, = 1.7 ± 0.5. (9.58) 


^ch 

Obq — 


These exceed the experimental values given in Table 3 showing the essential role of the next-to- 
MLLA (order as{M) ■ N{M)) terms. Recently in Ref. [^90|| an attempt was made to improve Eq. 
(|9.55|) . This was taken as a welcome news by the experimentalists, e.g. [^. However, we need 
to mention here that the very picture of accompanying multiplicity being induced by a single 


cascading gluon, implemented in ||296|| , is not applicable at the level of subleading effects (see 
e.g. O). Therefore a self-consistent reliable theoretical improvement of the MLLA predictions 


for the absolute values of NQg remains to be achieved ||295 


Further detailed experimental results could provide stringent tests of the perturbative pre¬ 
dictions. Thus, the study of 6-quark events at the energies of LEP-2 looks rather promising, 
e.g. [0. For instance, in this region the modihed naive model ||296|| predicts a negative value 
of 6bg (about -1) in marked contrast with the perturbative expectation 6bg ~ 3. It will be very 


recent modifications of the naive model, see Ref. 1^ 
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interesting to check whether the differences of mean multiplicities for the identihed parti¬ 
cles remain energy independent. Results from the (see Table 4) are available as reference 
values. In particular, the DELPHI results [p.l3|| suggest ~ 0 and therefore, using again Eqs. 
(P33|)-(P37| ) , one may expect at LEP-2 the relation 

- 1- (9-59) 


The energy behaviour of 6q^ should be watched closely at future linear colliders. 

Finally, let us mention that the spectra of light particles from the heavy quark jets are 
predicted to be depopulated in the hard momentum region compared with the light-g-jets 
Meanwhile, the particle yield in the soft momentum region should remain unaf¬ 
fected. This is a direct consequence of the Dead Cone phenomenon. 


At IE ^ M ^ A the perturbative expression for the Q-jet companion particle distribution 


can be approximately given by |75 


(x, W) = {x, W) - Mv/il , (9.60) 

where D^{x,W) is the standard spectrum of particles in a g-jet (see section 2) and (y) being 
the averaged scaled energy of the Q. This problem needs further detailed studies. 


10 Summary and Outlook 

Perturbative QCD proves to be a very successful theory in its application to hard processes. 
Still, the problem of the soft limit of the theory and of colour conhnement is not solved. There¬ 
fore, at present, multihadron production phenomena cannot be derived systematically solely 
from perturbation theory without additional model-dependent assumptions. Most popular and 
successful in reproducing the details are hadronization schemes which combine perturbative 
parton cascades with explicit parametric models for the production of the hnal hadrons. The 
complexity of these models requires Monte Carlo methods to derive their predictions. 

In this review we have concentrated on the question of the extent to which the semisoft 
phenomena in particle production in hard processes reflect the properties of the perturbative 
parton cascade. According to the preconhnement idea colour singlet clusters are formed already 
during the perturbative phase of the jet evolution and they then smoothly transform into 
hadronic clusters in such a way that there is a similarity in global characteristics between 
parton and hadron hnal states. According to the hypothesis of Local Parton Hadron Duality 
the parton cascade can be evolved down to a small scale Qo of the order of the hadronic masses 
and one compares directly the inclusive hadronic observables with the corresponding results 
computed at the parton level. The attractive feature of this scenario is the small number of 
parameters, namely the QCD scale A, the transverse momentum cut-off Qq and the overall 
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normalization. This approach describes a large variety of observables such as inclusive particle 
spectra and correlations inside jets as well as the bright interjet coherence phenomena which 
reflect the QCD wave nature of hadroproduction. At the moment there are various remarkable 
successes of this approach. In some cases apparent disagreement with experiment could well 
result from the approximations made in the analytical calculations. In the present exploratory 
phase it is difficult to design a crucial test, rather it is left to experiment to decide for which 
observables the LPHD approach will work well and what are the limits for its application 
(certainly one cannot expect that such a scenario will reproduce the resonance bumps!). 

The hope is that the further detailed predictions of such a duality picture and their ex¬ 
perimental tests will eventually not only provide a simple and predictive approach for the 
description of multiparticle phenomena but will also lead to some progress in the study of 
the conhnement problem. The duality between partonic and hadronic hnal states suggests a 
rather soft conhnement mechanism. In the following we summarize the main theoretical and 
experimental results and present a brief discussion of future possibilities. 

10.1 Theoretical approximations and accuracy of predictions 

The partons participating in the primary hard process generate gluon cascades by brems- 
strahlung processes which yield the multiparton hnal state. The hard processes are calculated 
from the corresponding matrix elements, the partonic cascades from the evolution equation of 
the multiparton generating functionals which include energy conservation and the full parton 
splitting functions. If only the contributions from the leading soft and collinear singularities are 
kept (Double Log Approximation) one obtains predictions for asymptotically high energies, in 
particular one hnds hnite scaling limits in logarithmic variables after appropriate rescaling. In 
the Modihed Leading Log Approximation one obtains the next-to-leading corrections of relative 
order which turn out to be essential and only slowly decrease with energy. This leads to 
the “preasymptotic” scaling laws, i.e. an apparent scaling behaviour in the present energy 
range, the simplest example being KNO scaling. 

Further improvement in accuracy is obtained by summing up the perturbative series which 
solves the evolution equation with the proper initial condition and turns into the asymptotic 
solution. This yields the results for the parton cascade in the full energy region starting from 
threshold up to the highest energies. Such calculations have been performed, for example, for 
the energy spectra and their moments and for the subjet multiplicities. 

These methods yield analytical results which provide us with an understanding of how the 
phenomena are related to the theoretical ideas and therefore can lead to characteristic predic¬ 
tions, sometimes in terms of basic QCD parameters. Alternatively, one can also apply Monte 
Carlo methods to derive the properties of the parton cascade. In principle, such computa¬ 
tions promise a higher accuracy, for example, they take into full account the energy-momentum 
conservation. However, when using such calculations for LPHD tests one has to take care of 
the proper parameters, especially a small Qq > A, also the cut-off procedures are sometimes 
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different from those considered in the standard analytical calculations. Alternatively, one can 
restrict the applications of Monte Carlo calculations to observables which are not sensitive to 
the Qq parameter in a sufficiently large range. 

10.2 Tests of the parton hadron duality 

First, there is a class of quantities which are infrared safe, i.e. are not sensitive to the cut-off Qq. 
For the intrajet cascade such characteristics are: a) energy evolution of particle multiplicity, b) 
moments of multiplicity distributions, c) azimuthal angle correlations, d) angular correlations 
for large relative polar angles. The DLA predictions for scaling properties of distributions 
are well conhrmed by the data but in general their shape is not reprodeced. On the other 
hand, when the MLLA calculations are available they are usually in a good agreement with the 
data. If this is not the case, the results from the parton level Monte Carlo give a satisfactory 
description, indicating that the accuracy of the analytical calculation was not sufficient. 

Another example is the particle flow at large angles to the jet directions, such as the 
string/drag effect which is well reproduced experimentally. 

Secondly, there are observables whose distributions depend explicitly on the cut-off, espe¬ 
cially particle energy spectra and correlations. For the energy spectrum a full solution within 
the MLLA accuracy taking into account the initial condition at threshold is available and the 
shape of the predicted hump-backed plateau and especially the position of the maximum and 
the hrst few moments are in a very good agreement with the data choosing Qo > A ^ 250 
MeV. The leading (DLA) and next-to-leading (MLLA) contributions alone are not sufficient 
to describe the data in the full available energy range. Also the shape of the 2-particle energy 
correlation function is well described by the MLLA, but not the absolute normalization. Here 
the results from calculations which include higher order contributions have to be awaited before 
the hnal judgement. 

Ideas for the description of observables for identified particle species are still very crude. 
The data, especially on particle spectra, conhrm the trend that the mass of the particle is 
related to the cut-off Qq, but a systematic description is not yet available. 

Thirdly, there are the subjet observables which connect the infrared safe jet properties at 
large mass scale (large yc) with the particle properties at low scale. Whereas the perturbative 
calculations generally describe well the jet properties at large scale, they fail in some cases to 
reproduce the transition to small scale (an example is the ratio of subjet multiplicities in quark 
and gluon jets). This failure could well be due to the unsufficient accuracy of the analytical 
calculations as is suggested by the related Monte Carlo results. 

10.3 Sensitivity to specific properties of perturbative QCD 

An important question is whether the agreement of the data with the perturbative predic¬ 
tions is signihcant or merely reflects some general properties of hnal states already present 
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in the phenomenological nonperturbative models. We emphasize here some results which are 
characteristic of the perturbative QCD dynamics. 

First there are the various consequences from the coherence of the soft gluon emission 
in the QCD bremsstrahlung cascade. This yields the particular shape of the hump-backed 
plateau for the distribution in the variable ^ = ln{Ejet/E) with the suppression of the soft 
particle production. Models without coherence would yield a flatter parton distribution. The 
coherence also implies an approximate energy independence of the low energy particle yield 
whereas the overall central rapidity density rises with the energy. Furthermore, coherence leads 
to nontrivial negative interference phenomena in the azimuthal and polar angle correlations. 

A spectacular phenomenon is the celebrated string/drag effect which suppresses particle 
production opposite to the gluon jet in 3 jet events despite the overall increase of multiplicity. 
Other counter-intuitive negative interference effects are met in the subjet analysis of 3-jet events 
in e'''e“ annihilation. 

Another interesting effect is the strong variation of the coupling o;* at small scales. This 
has an important impact on the prediction for the energy spectra. A perturbative model with 
hxed coupling in the same overall approximation scheme would fail badly. 

10.4 Prospects of future measurements 

LEP-1 has performed an important task in studying QCD physics. It has benefited from the 
record statistics and the substantial lack of background. We have learned much interesting 
physics but the need for further detailed QCD analyses of the data recorded at LEP-1 has 
not decreased. In particular, these studies may teach us about the most interesting transition 
regime from the perturbative to the non-perturbative regime in multiparticle production. On 
October 31st 1995 LEP successfully collided electrons and positrons at 130 GeV. This was the 
hrst stage en route to the full operation of LEP-2, and results from the higher energies became 
available immediately. At LEP-2 QCD studies are more challenging, first of all, because of 
unfavourable statistics. In the meantime, there are also some advantages over the lower-energy 
e'''e“ colliders for examining QCD physics (for example, 77 and heavy quark jet physics). 

The program of QCD studies at future linear e’''e“ colliders looks quite interesting. Here 
the anticipated higher luminosity gives a dehnite advantage over LEP-2 in performing the very 
precise tests of QCD predictions. New areas for QCD studies at future linear colliders are 
opened by the high energy 77 and e'j colliding facilities. Polarization of electrons and photons 
will provide a useful tool in helping to separate signals from different processes and to reduce 
background contributions. 

The semisoft QCD physics will remain one of the important topics for investigation in the 
TEVATRON and HERA experiments. Of special interest here are further quantitative tests 
of the perturbative universality of parton jets appearing in different processes. The detailed 
studies of the rich diversity of colour-related phenomena in hadronic high p_i_ processes looks 


127 



very promising. In DIS further quantitative analyses (including particle identification) of the 
current jet hemisphere are very important. A new domain for testing the perturbative approach 
could be opened by the studies of the target fragmentation region in DIS. 

We present below a brief list of the possible areas of the analyses concerning the semisoft 
QCD physics. 

1. There are clear predictions for the spectra of particles from the perturbative approach. 
By measuring the spectra within restricted opening angles with respect to the jet one can 
explore the coherent origin of the hump-backed plateau thus sharpening the influence of 
angular ordering on the particle branching. Of special interest is the energy evolution of 
the spectrum from the lowest to the highest energy, also there is the question to what 
extent the soft particle production rates are energy independent as expected. 

2. Further detailed examinations of the differences between quark and gluon jets are im¬ 
portant to establish the perturbative QCD origin of the particle production phenom¬ 
ena beyond the phase space effects (examples include average multiplicities and exclu¬ 
sive production rates of particles and particle clusters (subjets), the distribution in the 

= log(i?jet/-E) variable). A promising new source of gluon jets would become available 
at future colliders through the process 'y'y ^ gg. 

3. The study of jets initiated by heavy quarks is of special importance. There are predictions 
for the energy spectrum of light particles in heavy quark jets. It will also be interesting to 
check whether the differences of mean multiplicities between heavy and light quark jets for 
various primary quarks remain energy independent. From the study of the distribution of 
particles inside fixed cones, in particular their energy and angular spectra, one can learn 
about the expected depletion of the forward particle production for angles 0 < tuq/Eq. 

Also further studies of the inclusive energy spectrum of the leading heavy flavoured 
hadrons and their detailed comparison with the perturbative predictions look promis¬ 
ing. 

4. Detailed tests of QCD coherence dynamics will require comprehensive studies of the total 
three-dimensional pattern of particle flows in three-jet events in e'''e“ annihilation and in 
W + jets events in hadronic collisions. Of special interest here are the angular structure 
and the energy dependence of the multiplicity flow and its dependence on ruh and Pout- 

5. An important question concerns the onset of the perturbative regime, whether the relevant 
scale really is as low as a few hundred MeV. A clue to this question can be obtained from 
the study of inclusive soft particle production perpendicular to the primary qq or gg-Y\ke 
parton antennae. Tests are proposed for various hard processes (e’'“e“, ep and hadron- 
hadron collisions). Another approach to the same question is the study of jet or subjet 
observables at high resolution (small ycut parameter). The relevant scale in both cases 
may be different. 
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6 . The study of asymptotic scaling behaviour of distributions in logarithmic energy and an¬ 
gular variables with the jet energy and jet opening angle provides a test of the underlying 
pertnrbative pictnre based on the parton cascade dominated by bremsstrahlnng processes. 

7. To investigate the role of QCD motivated 1/iV? interference terms one can measure the 
azimuthal asymmetry of a jet in qqg events in which the gluon moves in the direction 
opposite to the qnasicollinear qq pair. The comparison with the analytical resnlts (ac- 
connting for both interjet and intrajet phenomena) should make it possible to distinguish 
reliably the perturbative predictions from those of existing fragmentation schemes. An¬ 
other test can be obtained by comparing the particle prodnction in qq and qqg events 
perpendicular to the jet axis or production plane respectively. 

8 . An interesting manifestation of the QCD wave nature of hadronic flows arises from the 
donble-inclusive correlations dfN/dVLadVLg {a, {3 denote the interjet valleys) of the interjet 
flows in qqg events. Here one faces snch tiny effects as the mntnal influence of different 
antennae. 

9. Energy and momentum correlations are potentially affected by resonance effects and it 
is therefore important to fnrther test the pertnrbative approach in these observables. In 
fntnre stndies of angular dependent spectra or correlations it would be advantageous to 
consider Energy^-Multiplicity^-Correlations (E "'M ^C) which avoid any reference to a 
jet axis. This allows better treatment of the observables in analytical calculations. 

10. The distribntions of identified hadrons are not well nnderstood within the MLLA-LPHD 
scenario. Here more detailed analyses of spectra of different hadrons from different jets 
could be helpful. In particular, one needs to hnd some cine to the observed correlations 
between the peak position and particle masses. In the angnlar correlations the 

dependence on the particle masses is predicted to disappear above a certain critical angle. 
A hot topic here is also the comparatative stndy of rj, rj' prodnction in qnark and glnon 
jets. The nniversality of the fragmentation into the various particle species should be 
carefully examined; this nniversality has been qnestioned recently for strange particles. 

The need for QCD stndies in the semisoft region has not decreased. On the contrary, there 
are many open qnestions that reqnire further investigation in their own right, and for their 
importance to other snbjects. The colonr-related effects are becoming a phenomenon of large 
potential valne as a new tool for stndying dynamics of particle prodnction in mnltijet systems. 
Knowledge abont the applicability of the pertnrbative calculations in multiparticle physics and 
the determination of their limits could be an important help in the nnderstanding of the colour 
conhnement problem which is still an important challenge after many years of stndying strong 
interaction physics. 
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Figure Captions 


Fig. 3.1 Modifications of the asymptotical leading-order particle distribution caused by the next- 
to-leading order effects. 

Fig. 3.2 (a) Qo dependence of the maximum of the MLLA truncated distribution at A = 150 MeV 
IQ. The left end-points of the curves correspond to the limiting spectrum (A = 0); 

(b) Energy evolution of the peak position for different values of Qo Q|- The results of 
the straightforward numerical calculation in the limiting case (solid line) are compared 
with the asymptotic formula (|3.3ti|). 


Fig. 3.3 Energy evolution of the ^ spectrum at Qo = 2A. The shape parameters are shown for 
hF = 2 * 250 GeV Q . 


Fig. 3.4 Qo-dependence of the kurtosis at LEP-1 energy Q . 


Fig. 3.5 Shrinkage of the cones in which the hxed shares of multiplicity (5) and energy (e) of a jet 
A{A = q, g) are deposited Q . 


Fig. 3.6 (a) Plots of distribution of charged particles |p.08|| together with the prediction of ( |3.29|) 
and (|3.23| ) at Kch — 250 MeV; 


(b) ^p distribution of charged particles at LEP-1.5 measured by the DELPHI [rM 


ALEPH [[125|| and OPAL ||126|| Collaborations in comparison with the prediction of the 
limiting spectrum (|3.29|) at A^h = 270 MeV (solid line). The dashed line shows the predic¬ 
tion of the limiting spectrum after the correction for kinematical effects at low momenta, 
see Ref. 


Fig. 3.7 Energy dependence of the mean charged particle multiplicity together with the 
MLLA-LPHD prediction (from Refs. P, |123| , p^4| , p.25| , p.26| | ). 


Fig. 3.8 Peak position of the inclusive Qspectra of all charged particles as a function of V = 
\og{^/s!2Ach)■ Comparison between experimental data collected in ^ and LEP-1.5 data 
and theoretical predictions numerically extracted from the shape of the 


limiting spectrum (solid line); the crosses correspond to a/s = 200 GeV and 500 GeV. 

Fig. 3.9 The average multiplicity Ne and the hrst four cumulants of charged particles’ energy 
spectra Edn/dp as the functions of ^e, be., the average value ^e, the dispersion the 
skewness s and the kurtosis fc, are shown as the functions of V = \og{^/s/2Qo) for Qo 
= 270 MeV. Data points from MARK iQ, TASSO [p.02|| and LEP-1 (weighted averages 
of ALEPH |104|] , DELPHI ||107|| , L3 ||109|| and OPAL |1l08| ). Predictions for the limiting 
spectrum (i.e. Qo = A) of MLLA with running a* and of MLLA with hxed are also 
shown (for Uf = 3). Predictions for the average multiplicity refer to the two-parameter 
formula Ne = Ci2(4/9)V -|- C 2 (from Ref. 
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Fig. 3.10 (a) distribution for 7r° at the resonance compared with the MLLA limiting spectrum 
at Agff = 147 MeV ||110|| . These data are in a good agreement with the results from other 
LEP-1 experiments for neutral and charged pions, see Refs. 

(b) distribution of mesons [ 113|| as compared to the numerical result of solution 
of MLLA Evolution Equation for truncated cascade (solid curve) and to the distorted 
Gaussian formula with the MLLA shape parameters (dashed curve). Taking into account 
of the hnite mass effects induces a certain decrease in the values of the free parameters, 
Qo{mK) = 250 MeV, = 0.34, see Ref. 


79 for details. 


Fig. 3.11 Measured ^p distributions for (a) tt^, (b) (c) p/p and (d) /K Both of the 

TOPAZ and PEP4/TPC measurements are plotted with MLLA hts based on Eq. (|3.13|) 
(Solid curve: TOPAZ, Dashed curve: PEP4). 

Fig. 3.12 (a) Position of the peak as a function of the centre-of-mass energy for pions, kaons and 
protons for the inclusive spectra presented by ALEPH ||112|| (hlled points) and those of 
other experiments |1M|, |1 1 1| ,| ^ |^, ^|100|| . The solid lines are hts ||112|| from top to bottom, 
pion, kaon and proton data according to Eqs. (|3.36|) , (|3.62D . The arrow represents the 
estimated shift in for kaons at the Z due to h hadron decays, and is to be compared 
with the extrapolation of Eqs. (|3.36|) , (|3.62|) (dashed line). This shift brings the data into 
reasonable agreement with an extrapolation of the htted function. The dot-dashed line 
is the prediction for an incoherent parton shower; 

(b) Energy evolution of the peak position ||109|| compared to the MLLA limiting result. 
The data on 7r° production are presented as a function of ^/s = hF at Ag// = 150 MeV. 
The data on charged particles are replotted as a function of y/s = W^A^ff /Ach) [0- 

Fig. 3.13 Measured ^p distributions for po,u!,K*^ and <F in decays. The spectra are htted with 
a Gaussian over the ranges indicated by the dotted lines [|1171 . 


Fig. 3.14 Relation between the peak position of the ^p distribution at the Z^ and the particle 

The full lines are separated hts for the meson and baryon distributions with 


mass 

C 

Si 


119 


oc 


Inm/i. 


Fig. 3.15 Distribution in ^p = ln(l/a:p) from JETSET Monte Garlo at the parton level (“Glu¬ 
ons”) with and without colour coherence included, and for charged particles (G^) of the 
hnal hadronic state (from Ref. 


Fig. 3.16 Invariant density Edn/d^p of charged particles in e+e annihilation as a function of the 
particle energy E = {p^ + cit Qq = 270 MeV. Data at various cms energies are 


compared to MLLA predictions with the overall normalization adjusted (from ||131 


Fig. 3.17 Gomparison of experimental data on the invariant distribution Edn/d^p as function of 


particle energy E from MARK I|^g with predictions from the MLLA with running as 
and with hxed as at the same cms energy, using Qo = 270 MeV (from 
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Fig. 3.18 


Fig. 4.1 

Fig. 4.2 

Fig. 4.3 
Fig. 4.4 

Fig. 4.5 

Fig. 4.6 

Fig. 5.1 

Fig. 5.2 

Fig. 5.3 


Ratio of mean charged particle multiplicities in gluon and quark jets as a function of the 
jet energy E. Open symbols: from symmetric, Y-shaped 3-jet events {E k. 24 GeV) with 
natural quark flavor composition at the ||141| , |144| , |139|| ; full symbols: all data referring 
to c- and 5-quark content as in qqg/qq'J sample ||144 . 


The KNO multiplicity distribution in x = n/n for inhnite energies (dashed line) and 
LEP-1 energies (full line), calculated for a gluon jet with hxed in the next-to-MLLA 
1 ^. The negative binomial distribution (open points) with parameter iF = 7 is also 


shown for comparison. 

Two-particle multiplicity moment i ?2 = -^2 =< n{n — 1) > / < n as a function of cms 
energy. The QCD results in the leading order (DLA), next-to-leading order (MLLA) 
and from a parton level Monte Carlo (HERWIG [^) in comparison with experimental 


data (from ||163|, pT 


Ratio of cumulant to factorial moments Hq, as a function of the moment rank q. Data 


from SLD collaboration 169 . 


The mean jet multiplicity in —> hadrons as a function of the resolution scale ijcut- 

Prediction from the all order ag and next-to-leading layout computation, corrected for 
hadronization according to the JETSET and HERWIG [^] models, are htted to 
data of the L3 Collaboration 
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Subjet multiplicity in 2-jet and 3-jet events at the as a function of subjet resolution 
?/o for hxed jet resolution yi = 0.01. The data of the OPAL Collaboration [|193] are 
compared with the 0(as) and the all order calculation in the next-to-leading (ln|/o_i) 
approximation. 

Ratio of subjet multiplicities in quark and gluon jets as measured by the ALEPH Collab¬ 
oration ||142|| as a function of subjet resolution yo. The data at yo ~ 10“^ come close to 
the asymptotic prediction 9/4. 

Normalized two-particle momentum correlation R 2 (^i,^ 2 ) as measured by the OPAL Col¬ 
laboration ||196|| for two bands in the .^ 1 , .^2 plane, compared with the analytical predictions 
7T| for 3 values of the parameter A (band 1: |,^i — ,^ 2 ! < 0.1, band V: 6.9 < ■Ci +■^2 < 7.1). 


The dashed curves indicate the asymptotic DLA predictions for A=255 MeV. 

Normalized two-particle momentum correlation R 2 {^i,^ 2 ) for .^1 = .^2 as a function of 
where ^ and is the peak position of the one-particle spectrum, at the hadron 
and parton level from the HERWIG MC |^2[ together with the analytical results in linear 
approximation for A = 255 MeV. Also shown are the OPAL data ||196|| . The dashed 


line indicates the asymptotic DLA prediction (from Ref. [|n 


(a)-(c) The contributions of elementary hard processes to the leading and next-to-leading 
two-particle correlation Cem; (A)-(D) to the three-particle correlation Cemm- Parton 
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no. 1 corresponds to the energy counter, parton no. 2 to the recoiling jet, partons no. 3 
and no. 4 to the registered jets (from Ref. ||199|| ). 


Fig. 5.4 

Fig. 5.5 
Fig. 5.6 

Fig. 5.7 

Fig. 5.8 

Fig. 5.9 

Fig. 6.1 
Fig. 6.2 

Fig. 6.3 
Fig. 6.4 
Fig. 6.5 


Azimuthal correlations C{ip) of partons in a jet, at leading order and next-to-leading 
order for different values of A and comparison to the Monte Carlo (HERWIG) result 


199 


Azimuthal correlations of hadrons in a jet as measured by the OPAL Collaboration in 


comparison with model calculations |200 


Rescaled correlation in the relative angle f (e) in the forward cone of half opening angle 0 
from DELPHI (preliminary data) in comparison with the asymptotic DLA prediction, the 
JETSET MC [Q as well as with the HERWIG MC at parton level for two primary 
energies \/s (from ||214|| ). 

(a) Correlation in the relative angle rid 12 ) in the forward cone of half opening angle 0, 
for different 0 

(b) the same as (a) but in rescaled coordinates, testing the angular scahng(prehminary 
data from DELPHI [pl4|| ). Also shown are the DLA predictions for asymptotic and LEP-1 
energies 
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Particle-Particle Correlation Asymmetry (PPCA) as function of relative spherical angle 
y = di 2 from L3 experiment ||209|| in comparison with the JETSET MCp^ with angular 
ordering (“coherent”) and without (“incoherent”). 

(a) Factorial multiplicity moments for the symmetric ring at production angle 0 and 
half width 5 (preliminary data from DELPHI Collaboration |1214 |) in comparison with 
the DLA predictions ( b.61|) ; 

(b) same moments as in (a) after rescaling as in (^.62|) (A=0.15 GeV, E=45 GeV). 


Kinematics of interjet radiation in three-jet events. 


Directivity diagram of soft gluon radiation, projected onto the ggy (dashed line) and qqg 
(solid) event planes. Particle flows of Eqs. (|6.4|) and (|6.5|) are drawn in polar coordinates: 
0 = (p 2 , r = In 2IF((^ 2 )- Dotted circles show the constant levels of particle flow: W((^ 2 ) = 
1,2,4 (from Ref. [p0| ). 

String model (a) and perturbative QGD (b,c) pictures for the —>• qqg events. Dashed 

lines show topology of colour strings. Dash-dotted line shows “negative antenna”. 

The ratio of particle flow between q and g jets iN 2 ) to that between q and q jets (A^i), 
for Mercedes-like qqg conhguration (using 60" sectors) ||243 . 

Angular inclusive correlation between three energetic (a, b, c) and one soft particle (n) in 
the e’''e“ annihilation process. 
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Fig. 6.6 
Fig. 6.7 


Fig. 6.8 
Fig. 7.1 


Fig. 7.2 

Fig. 7.3 

Fig. 7.4 

Fig. 7.5 
Fig. 8.1 

Fig. 8.2 


Fig. 8.3 


Fig. 8.4 


Comparison of the QCD (solid) and \a.Tge-Nc limit (dashed) predictions for (a) the G 
factor and (b) asymmetry parameter A in the symmetric qqg events 0. 

The azimuthal asymmetry of the quark jet in the ISR events without (a) and with (b) 
additional soft gluon emitted in the direction orthogonal to the qqj plane. Dashed lines 
show topology of colour strings, dash-dotted line shows “negative antenna”. 

Asymmetry parameter A(0o = 30°) of the scattered tagged g-jet in pp-collisions 


Charged particle flow in the event plane for two-jet radiative events, and three-jet mul- 
tihadronic events P53|| . a is the angle in the event plane as measured from the most 
energetic (g) jet towards the second (g) jet, c.f. Fig. 6.1. The jet dehnition is based on 
the Durham algorithm ||183|| with i/cut = 0.007. The data are not corrected for detector 
effects. 


Fits of the charged particle flows to the expressions (13), (13) [gn. Gaussians centred 
around jet 1 and jet 2 were added to account for the intrajet cascading (dotted lines). 


Charged particle flow in qqg and ggq events ||144|| . The dotted lines indicate the intervals 
of angular integration ±[35°, 115°]. 

The inter-jet particle flow ratio R(gg/gg) as function of particle type in momentum in¬ 
tervals, as measured by ALEPH Collaboration ||254 . 


Charged particle flow in qqg events ||144|| in comparison with analytical prediction ||147 . 


Structure of the hadron plateau in DIS process according to Feynman ||268|| (a) and Gribov 
|269|| (b) (shaded area shows target fragmentation region), g = Ino; (a; being energy of 
registered hadron). 


Evolution of hadron distribution for DIS in the Breit frame. 

12 _ n c;nn iinnnr'^i/2 i /i \ ^2 


[a) hxed x, three 

different = 9, 500,11000 GeV"' and (b) at hxed for three different x = 0.14, 0.0067, 
0.00005. y is dehned as g = ln(a;/Ae//) with Ag// = 150 MeV for both current and target 
fragmentation regions. It is assumed that after identihcation of a particle as belonging 
to either one of these regions, it enters either the Ihs or the rhs of the plot, respectively 


264 


Mean charged multiplicity in ep current jet fragmentation as a function of {K^ and 
A decays excluded). Twice the multiplicity measured by ZEUS p61|| is compared to the 
results from Vp scattering at FNAL [p75|] and from annihilation at ^/s = Q (from 
Ref. 
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.^p-distributions of the charged particles in the current region of the Breit frame as a 


function of |P61]. The ZEUS data are compared to the MLLA limiting fomula 
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Fig. 8.5 HI | 262 | data on ^p-distributions of the charged particles in the current hemisphere of the 
Breit frame of reference for (a) 12 < < 80 GeV^ and (b) > 100 GeV^. 


Fig. 8.6 Evolution of the peak position compared with e’''e data | 262 |. The solid line is the 
MLLA-based £t to the HI data. 


Fig. 8.7 Peak position of ^p-distribution as a function of Bjorken x showing no signihcant x- 
dependence; for intervals 12 < < 25 GeV"^ (solid circles), 25 < < 45 GeV'^ (open 

triangles), 45 < < 80 GeV'^ (solid triangles), and 200 < < 500 GeV'^ (open circles). 

The dashed lines refer to the ^peak expected from the £t at the relevant mean value. 


Fig. 9.1 The energy evolution of the inclusive b and c spectra as calculated from (|9.8|) in The 
results of the best-£t F-model (solid) and G 2 -model (dashed) are shown. Gurve (1) refers 
to c-quarks (Me = 1.5 GeV), curve (2) to 6-quarks {Mh = 4.75 GeV), using parameters 
= 500 MeV, A = 0.19 and G 2 = 2.22 (in Eqs. ( |9.32|) and ( |9.35| )). 


Fig. 9.2 The differences between the mean charged multiplicities of heavy- and light-quark events 
6qi (= 6Qg) for (a) charm and (b) bottom. The area hlled by diagonal lines is the 
prediction of a naive model (from Ref. [p^). 
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